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ANALYSIS  OF  WEIGHT  CHARACTERISTICS  OF  FUEL 
TANKS  OF  FLIGHT  VEHICLES  WITH  LIQUID- 
PROPELLANT  ENGINES 

V.  N.  Novikov 

Definitions  of  Cyrillic  Items 

Msr  -  bend  »  bending 
6  *»  tank  »  fuel  tank 
8kb  -  eq  «  equivalent 

T  «  t  (arbitrary  designation) 
p  »  r  (arbitrary  designation) 

Hp  «  crit  ■  critical 
60  »  tc  »•  tank  compartment 

n  »  cy  «  cylindrical 

T  ■  f  »  fuel 

u6 0  -  itc  «  Intertank  compartment 

bh  ■  in  »  internal 

H  -  ex  ->  external 

flH  m  bot  -  bottom 

06  »  sh  «  shell 

cn  *■  av  —  average 

b  *  h  -  high 

h  -  low  -  low  pressure 

jia  *  fv  «■  flight  vehicle 

Hr  iu  kg 

cm  ”  cm 

nojinp  »  reinf  ■  reinforced 
CTp  -  str  »  stringer 

np  -  red  -  reduced 

odm  -  ek  ■  akin 
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The  ideal  design  weight  of  flight  vehicles  with  liquid-propellant 
rocket  engines  in  many  respects  is  determined  by  the  perfection  of  the 
propulsion  systems,  whose  weight  can  constitute  up  to  50-80 %  of  the 
total  design  weight  of  the  vehicle. 

Therefore,  in  the  designing  of  assemblies  of  propulsion  systems, 
including  fuel  tanks,  it  is  necessary  to  correctly  select  their  main 
parameters,  which  affect  the  flight,  weight,  and  economic  character¬ 
istics  of  the  flight  vehicle. 

Fuel  tanks  serve  for  distribution  of  components  of  liquid  fuelj 
they  are  usually  a  structural  part  of  flight  vehicle  bodies,  and  are 
subjected  to  the  influence  of  external  forces,  and  also  forces  caused 
by  the  pressure  feed  of  the  tanks,  whose  magnitude  is  determined  by 
the  operating  conditions  of  the  system  of  fuel  feed  from  the  tanks  to 
the  engine. 

1.  Analysis  of  the  State  of  Strain  of 
Cylindrical  Tank  Shells' 

Tlie  complex  influence  of  all  forces  on  tanks  can  lead  to  a  differ¬ 
ent  character  of  loss  of  the  carrying  capacity  of  tank  shells  (walls). 
Tneee  cases  are  characterized  either  by  conditions  of  strength  of  the 
shell,  or  by  losses  in  stability,  which  leads  to  an  essential  dis¬ 
tinction  in  the  methods  of  strength  analysis  of  a  tank  and  the  methods 
which  ensure  it. 

We  shall  determine  the  stresses  existing  in  the  shell  of  a  cylin¬ 
drical  tank  which  is  loaded  simultaneously  by  axial  forces  (N), 
bending  moment  &nd  internal  pressure  using  the 

membrane  theory  of  shells. 

Meridional  stresses  with  small  relative  thickness  of  shell  are 


and  annular  stresses  are 


Annular  stresses  in  a  shell,  which  is  loaded  by  excess  internal 
pressure,  are  always  positive,  i«e»,  >  0,  ana  the  meridional 

stresses,  depending  upon  the  magnitude  and  sign  of  bending  moment, 

axial  force,  and  internal  pressure,  can  be  both  positive  and  negative. 

A*  If  ct  <  0,  the  main  stresses  will  be 
m 

•i  — «b-0, 

Then  the  equivalent  stress,  according  to  the  theory  of  the  largest 
tangential  stresses,  is  determined* 

3S-  +  -5T  +  —  • 

Equating  this  rated  stress  to  a  limited  value,  equal  to 

(tr0  2  or  aQ  or  to  a  permissible  value  -p-  (where  f  is  the  safety 

factor),  which  is  selected  according  to  certain  considerations,  and 
designating  it  conditionally  as  ay,  we  find  the  relative  thickness  of 


the  shell: 


T  j  s  1  I  \ 

“  d  »9\  *0®  4  y 


Introducing  the  parameter  of  loading,  which  characterizes  the 
necessary  relative  thickness  of  the  shell,  and  is  determined  by  the 


external  loads. 


we  obtain: 


.  1  4*^*0 


i>A,+ 


The  maximum  permissible  pressure  in  the  tank,  with  the  selected 
relative  shell  thickness  and  given  loads,  is 
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P»  <m>4  “=  (*  “  )•  (  7  ) 

The  conditions  of  shell  stability  are  determined  by  the  limiting 
critical  compression  stresses  (£Tcrj_-(;) 

(8) 

where  k^  is  the  critical  compression  stress  factor; 

E  is  the  elastic  modulus  [-£&•]* 

cnr 


Then,  by  equating  (8)  to  meridional  stress  (1),  we  obtain 

N  P«t>  (g) 


,  _  a 
1  D  «£W 


4i 


whence  the  necessary  relative  thickneas  of  the  tank  shell,  from  the 
conditions  of  stability,  is  determined  by  the  following  expression! 


(10) 

We  shall  introduce  a  stability  parameter  which  expresses  the  relation 
of  ultimate  strength  of  the  design  material  to  the  characteristic  of 
stability  of  the  shell! 


(ii) 


Without  calculation  of  the  influence  of  internal  pressure  in  the 
tank  on  the  critical  stability  factor  k* .  the  stability  parameter 


undergoes  a  relatively  small  change  (£Q  *=  0.006  -0,008) .  By  putting 
(ii)  in  (10),  we  obtain! 


i-jA(v-A-):  da) 

By  replacing  the  values  of  permissible  tank  pressure  here  with  the 
given  shell  thickness,  according  to  (7),  and  solving  the  quadratic 
equation,  we  find  the  minimum-permissible  relative  shell  thickness, 
which  satisfies  the  conditions  of  strength  and  stability: 


4 


Optimum  pressure  in  the  tank  which  ensures  minimum  shell 

thickness,  may  toe  found  after  substitution  of  (ij)  into  (7)* 

X-2 *[*,(]/  l  +  «$;_  i)“ 21,]‘  <**) 

B*  If  cr  >  0,  the  main  stresses  will  toe 
m 

«8-0. 


Equivalent  stress  is 


whence,  the  necessary  relative  thickness  will  toe* 


*>%-  (15) 

Between  the  calculated  cases  of  A  and  B  there  exists  a  boundary  which 
corresponds  to  the  equality  to  zero  of  meridional  stresses* 


From  this  condition  we  may  find  the  limiting  pressure  in  the  tank, 
above  which  the  tank  shell  analysis  is  conducted  from  the  conditions 
of  tensile  strength* 

^’-4^,.  (16) 

Analysis  of  the  obtained  expressions  for  determination  of  rela¬ 
tive  shell  thickness,  depending  upon  the  magnitude  of  loading  toy 
external  forces  and  the  internal  pressure,  makes  it  possible  to  divide 
all  tanks  into  three  groups  (Fig.  1)* 

1)  The  first  group  (zone  I)  includes  tanks  whose  shell  analysis 
is  conducted  from  conditions  of  stability,  while  the  necessary  rela¬ 
tive  shell  thickness  is  determined  toy  expression  (12).  Such  tanks, 
which  are  conditionally  called  tanks  of  "low"  pressure,  have  the 


relationships  of  parameters  of  loading  and  stability 


and 
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Fig.  1. 


pressure  in  the  tank  is  less 

T 

than  Since  for  the 

majority  of  tanks  of  maneuvering 
flight  vehicles,  the  relation¬ 
ship  of  parameters  of  loading 
and  stability  is  within  the 

limits  of  0*1  <  <  0.5,  then 

practically  all  tanks  of  power 
plants  with  turbo-pump  supply 
systems,  for  which  the  pressure 
feed  is  ptRnk  <  5  atm(abs), 

pertain  to  tanks  of  "low" 
pressure . 

T 

2)  At  tank  pressures  Ptank  < 
<  PtMlk  <  PtLk'  the  relatiTC 


shell  thickness  is  determined  by  expression  (6)  from  conditions  of 
tensile  strength.  Tanks  pertaining  to  zone  II  will  be  conditionally 
called  tanks  of  "medium"  pressure. 

XX 

5)  For  all  tanks  whose  pressure  exceeds  Ptanic  (zone  III),  the 


calculation  of  relative  shell  thickness  is  produced  with  equation  (15) 
from  conditions  of  tensile  strength.  This  group  includes  tanks  of 
"high"  pressures,  which  usually  operate  with  gas-displacement  supply 
systems  with  a  pressure  feed  of  P^g^  >  25  atm(abs). 
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2.  Determination  of  Weight  Dependences  for 
Cylindrical  fruel  Tanks’ 


The  weight  of  fuel  tanks  depends  on  the  volume  of  the  fuel 
placed  in  them,  the  external  find  Internal  loads,  and  also  on  the 

geometric  and  design  features  of  the  tank. 

For  liquid-propellant  rocket  engines, 
operating  on  hi-propellants,  they  usually 
employ  cylindrical  tanks,  which  are  arranged 
according  to  one  of  the  diagrams  represented 
in  Fig.  2. 

The  volume  of  a  tank  compartment  with 


Fig.  2. 


elliptic  bottoms,  for  which  the  values 


of  the  semiaxes  of  an  ellipsoid  are  taken  a  »*=  b  ■  c  «  will 


be  equal  to 

(17) 

where  l0  l116  elongation  of  the  cylindrical  part  of  the 

tank  compartment  (or  tank). 

We  shall  express  the  volume  of  the  tank  compartment  by  the  weight 
of  the  fuel  placed  in  it 

(18) 

•T  . 

where  is  the  average  specific  gravity  of  fuel, 

V. 

a  «  -pc  i8  the  coefficient  which  considers  the  free  volumes 
tc  v  f  in  the  tanks  and  the  volume  of  the  intertank 
compartment, 

K  -M~ .  (19) 

3  «  characterizes  the  volume  of  the  air  cushion  in  the 

tank  tank  (3tank  -  1.03-1.08), 


V 


uC  , 

Pj.  *1  g?- - -  expresses  the  volume  of  the  tan/:  compartment  with 

vtank  respect  to  the  volume  of  the  tanks  (Fig.  2). 

For  diagram  I  we  have:  ■  1  +  ^ — . 

t  c 


For  diagram  II  and  III:  *  1.0* 

The  surface  area  of  a  tank  compartment  with  elliptic  bottoms  is 
determined  by  the  surfaces  of  the  shells,  the  bottoms,  and  the  inter- 
tank  compartment 

+  X*).  (20) 

where  is  the  coefficient  which  considers  the  number  of  bottoms 
and  the  diagram  of  the  tank  compartment. 

For  a  single  tanks  4tc  *  1.0. 


For  tank  compartments  of  diagrams  I  and  II:  £tc  *=  2.0. 


For  diagram  III:  4tc  •  1  +  y  (1  +  ktc), 
where  d  is  the  diameter  of  the  internal  tank 


d-D  i  A-1-- 1»_L»> - 

V  It  <-)  +  *,  *T,» 


7f/in\  and  are  the  specific  gravities  of  components  in 

v  '  "  the  Internal  and  external  tanks; 


K. 


o. 


is  the  weight  ratio  of  fuel  components. 


xf  (in) 

The  weight  of  the  fittings  of  tank  compartment  may  be  taken  as  pro¬ 
portional  to  the  weights  of  the  bottoms  and  shells 

0U  **  °««  0JU  +  a»6  0<XJ  ■  (2i) 

where  a^ot  and  agh  are  the  design  factors  of  tank  fittings,  = 


«=  1.6-2. 0  and  agh  *  i. 15-1. 25. 

By  expressing  the  surface  of  the  tank  compartment  by  its  volume, 
and  substituting  the  specific  gravity  of  the  tank  material  (7-tank 

we  shall  determine  the  weight  of  the  tank  compartment  according  to  the 
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following  expression! 


ou  -  i2 V***. 

*  '*»,  1  +  3X*. 


(22) 


The  relative  weight  of  the  tank  compartment  «tc,  which  is  defined  as 

the  ratio  of  the  weight  of  the  tank  compartment  to  the  weight  of  the 
fuel  in  it,  can  be  found  from  this  expresssiom 


G* 

*4.  *“ 


h  ^«c  t  ^4o  *o6*^«4 

7r  1  +  Wj, 


(2?) 


Tanks  that  are  used  in  vehicles  with  liquid-fuel  rocket  engines 
usually  can  carry  either  tanks  of  "low”  pressure,  for  which  the  rela¬ 
tive  shell  thickness  is  determined  from  (12),  or  tankB  of  "high" 
pressure,  for  which  the  relative  shell  thickness  is  found  through 
expression  (15). 

Total  pressure  in  the  tank  Ptanlc  is  determined  by  the  pressure 
feed  ptc  and  by  the  additional  pressure  AptanJj.  that  is  created  by  the 
liquid  column  in  the  tank  in  the  presence  of  longitudinal  overloads 


where 


P*“P+  +  aP6 


f  oh  \ 

(e'tj 


At*  ” 

Lx  is  the  distance  from  the  free  surface  of  liquid  in  the  tank. 


The  mean  value  of  additional  pressure  in  the  tank,  considering 
that  one  of  the  bottoms  is  subjected  to  the  influence  of  the  liquid 
column,  will  bet 

The  relative  thickness  of  the  elliptic  bottoms,  depending  upon  the 
magnitude  of  internal  pressure  PtankJ»  Is  found  by  the  formula! 

(25) 

For  determination  of  the  relative  weight  of  tanks  of  "high" 
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'1 


pressure,  upon  substitution  of  the  characteristic  valueB  of  coeffi¬ 
cients  and  thicknesses,  we  shall  obtain  the  following  expression i 

(26) 


m  „  oa  _2*_  Zt-  5S£ 

*  ,  i  ■ 

M  'f  *  T  ***, 


The  relative  weight  of  tanks  of  "low"  pressure,  when  the  magnitudes 
of  bending  moments  and  axial  forces  are  unknown,  may  be  found  by  the 
approximate  dependences  which  are  used  in  design  calculations. 

Disregarding  the  influence  of  internal  pressure  on  the  magnitude 
of  meridional  stresses  of  tanks  of  "low"  pressure,  for  highly 
maneuverable  vehicles  it  is  possible  to  consider  that  the  parameter  of 
external  loading  (5)  basically  depends  on  the  magnitude  of  bending 
moment  Mbend,  which  in  turn  depends  on  the  lateral  overload  W^erid  ■* 

*=  f(n  ).  Then  the  approximate  value  of  the  loading  parameter  will  be 

•J 


k  2a 
**  • 


(27) 


where  coefficient  k2,  with  central  location  of  tanks  and  with  body 
elongation  of  ^  ■  10-14,  it  is  possible  to  take  k2  -  0. 35-0.45,  and 
the  relative  shell  thickness  is 

<28) 

For  tanks  of  "low"  pressure  of  rarely  maneuvering  vehicles,  the 
parameter  of  external  loading  basically  depends  on  the  axial  compres¬ 
sing  force  N,  which  is  characterised  by  the  magnitude  of  longitudinal 


overload  N  »  f(n  ),  i.e,, 

X 


3V 


(29) 


where  coefficient  depends  on  the  body  length  L.  to  the  location 

2  K± 

of  tanks  in  the  body  and  the  average  specific  gravity  of  the  vehicle 


w 
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With  the  middle  location  of  tanka  in  the  body.,  body  elongation 
of  «  10-i4,  and  average  apecific  gravity  of  the  vehicle  7^  « 

-  1.5*10*’^  *^r,  we  may  take  k*  -  0.01  D,  while  the  relative  shell 
cur  3 

thickness  will  tej 

'50) 

The  relative  thickness  of  bottoms  of  tanks  of  "low”  pressure  is 
usually  determined  not  by  strength  specifications,  but  by  design  and 
fabrication  factors,  which  allows  ub  to  take  the  following  dependence  1 

HQ  «=  1,5*  10~3.  (351) 

Then  it  is  possible  to  write  approximate  formulas  for  determination  of 
relative  weights  of  tank  compartments  of  "low”  pressures 
a)  for  high-maneuvering  aircraft  — 

««,  f-0.64- 


Hi 


■g  -0,027?*.  f 

H 


l-ra* 


(32) 


b)  for  low-maneuvering  aircraft  — 


<-04)27?, 


£ 


(32') 


T,  l+»* 

The  dependences  represented  in  Fig*  j5  show  that  the  relative  weights 
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of  tank  compartments  weakly  depend  on  elongations,  whereby  the  most 
profitable  in  the  weight  respect  are  tank  diagrams  I  and  II. 


3.  Ana lye 3  s  o f  the  Application  of  Relnf orced 
""Shells'  i'n~TanEs*~"or  'Flight'  Veh'i'cTe’a 

The  operating  conditions  of  tanks  of  "low"  pressure  show  that  the 
stability  of  shells  may  be  Increased  either  by  the  corresponding 
excess  pressure  in  the  tank,  by  reinforcing  the  shell  with  special 
profiles  of  the  longitudinal  structural  assembly. 

In  the  investigation  of  the  stability  o.f  a  cylindrical  shell 
with  a  sufficiently  closely-spaced  structural  assembly.  It  is  possible 
to  replace  the  reinforced  shell  with  a  smooth  orthotropic  shell  whose 


relative  thickness  is 


(33) 


The  thickness  of  the  unreinforced  shell,  in  the  presence  of  internal 
pressure,  will  be  determined  by  formula  (13).  By  equating  the  expres¬ 
sions  of  necessary  shell  thicknesses,  v;e  shall  find  the  boundary 
condition  which  characterizes  the  equivalence  of  reinforced  (ortho¬ 


tropic)  and  unreinforced  shells j 


(34) 


Tnus,  If  x*-  <  1»  in  the  weight  respect  it  would  be  more  profitable 
La2 

^1 

to  use  the  reinforced  shell j  if  >  1,  the  unreinf orced  shell.  For 


determination  of  the  expediency  of  application  of  reinforced  and 
unreinforced  shells  with  respect  to  the  magnitude  of  necessary  areas 
of  body  sections,  for  each  of  them  we  shall  find  the  destroying 
moments  (^end)  in  given  sections  of  the  body  in  the  presence  of  axial 

forces  (N), 
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During  the  calculation  of  reinforced  shells  we  can  consider  two 
cases:  the  first  one  corresponds  to  the  limiting  moment  at  which 
stability  is  lost  "by  the  most  extreme  stringer,  and  all  others  work 
within  the  limits  of  elasticity;  the  second  case  occurs  when  in  the 
extreme  stringer  the  stresses  reach  their  limiting-permissible  values. 

If  one  considers  that  the  skin  is  reinforced  by  stringers  in 
the  calculations  it  is  joined  to  n  stringers,  then  the  total  area  of 
the  reinforced  shell  will  be 


where  b 


red 


is  the  reduced  skin  width 


/'■*  <c6a 


cf  (oflp) 


“crp 


(35) 


For  the  first  calculating  case  we  shall  obtain  the  expression  which 
characterizes  the  limit  moment; 

«  0,250  (otf  nft  -  AO.  (#) 

If  we  Introduce  the  relative  parameters  A^  and  A 2  and  take  the 

distance  between  stringers  bn  »  and  also  a  .  m  a_,  we  shall 

obtain  the  condition  of  existence  of  a  stable  reinforced  design  within 
the  limits  of  elastic  deformations 

(rf”*  ***)’  (?7) 

from  which  we  can  find  the  required  thickness  of  the  reinforced  shell. 

For  the  second  case  of  calculation  of  a  tank  according  to  limiting 
carrying  capacity,  we  shall  determine  the  expression  for  total  limit 
moment  perceived  by  the  reinforced  skin 

A^-0,25Di«K/=^+  *ep  *)«„»  +  (38) 

or,  by  expressing  through  the  relative  parameters,  we  shall  obtain  the 
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condition  of  existence  of  a  reinforced  design  according  to  limiting 


carrying  capacity! 


*■- +*-,+-£  <*•-»*>] 


(39) 


As  can  be  seen  from  these  equations,  the  total  carrying  capacity 
of  a  reinforced  cylindrical  shell  depends  not  only  on  the  relation 
of  parameters,  but  also  on  the  distribution  of  the  shell  material 
between  the  shin  and  the  stringer  assembly. 

Gravimetric  analysis  of  reinforced  shells  shows i 
a)  that  a  gain  in  weight  from  the  application  of  reinforced 
cylindrical  shells,  as  opposed  to  unreinforced  shells,  may  be  only 


/A±  \ 

when  <  1.  Thus,  for  small-loaded  designs  of  tanks  <  0.25^, 

the  maximum  gain  will  constitute  25-30$.  Figures  4  and  5  show  the 

relation  of  the  necessary  thickness 
W  T  1  ~\  of  a  reinforced  shell  to  an  unrein- 

U - ? — r  §*f  forced  one,  according  to  limiting 

^ carrying  capacity,  whereby  with  the 


decrease  of  the  specific  load 


fe)* 


0.50  an  too  aft 


Fig.  4, 


the  portion  of  the  stringer  assembly, 
which  together  with  the  skin  makes  up 
the  necessary  area  of  cross 


section  of  the  shell,  should  be  increased; 

b)  that  a  gain  in  weight  of  the  reinforced  shell  can  also  be 
obtained  in  the  presence  of  excess  pressures  in  the  tanks.  For 


—  i 

instance,  when  ■«  0.25  (Fig.  5 )t  theoretically  up  to  pressures  of 
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-  40  l-Hrl  there  is  a  gain  in  weight  of  reinforced  designs. 

However,  it  is  practically  Impossible 
to  ensure  uniform  loading  of  profile* 
of  the  structural  assembly  and  skin. 
Moreover,  during  intense  wave  format! on, 
the  skin  itself  additionally  loads  t hi 
profiles  of  the  structural  assembly 
and  promotes  their  destruction,  whl  'h 
causes  a  premature  local  loss  i f 
stability. 

The  obtained  conclusions  ui»  t lit 
application  of  different  diagrams  and  designs  of  tank  eompartmen1 » 
are  not  final,  since  exact  recommendations  can  be  made  only  with  tin 
calculation  of  the  design,  fabrication,  and  economic  factors,  hu*  Mil* 
analysis  allows  ohe  designer  to  conduct  a  weight  appraisal  of  tank 
compartments  taking  into  account  the  conditions  of  their  work  on  s 
vehicle,  to  outline  the  means  by  which  it  would  be  expedient  to 
investigate  the  designs  of  tanks,  and  tc  made  a  number  of  practical 
recommendations  for  the  designing  of  tank  compartments  and  the  deter¬ 
mination  of  weight  dependences  for  them. 
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riltk  M'  I,  I  I  iN  <)('  I  HOMI.KMM  OK  BFNDINO  OF 
i  IU<KD  I  IJITKM  AND  3HKLLS  BY 
MiuAHd  0|'  /  UJHMA'JKMKNT  FUNCTION 

A  .  H  ,  d  •  I  '  dritn  tcin 

UtdliiLLt  2i(t. >J,  .(h'j2J±l.^J.tSPJL 

p  »  f  «-  filler 

>t\«  W  (  k  «it  WK  tl.li'  f  *r  Iti-.jih,-,  three -layered  (sandwich-type) 

*>.•■■■■  1  i  f  m  f  iua.  is  ill  elm  lute  with  In  'trcj'lc  layers  and  filler  it  is 
1  tui  t  -Dj  t-  «  >M  n i  la-tunmi  fun-tlon  9#  with  whose  help  the 
•  :j  '  >Dm  C  it. ‘innii'i  are  automatically  satisfied. 

,  i  *  n  >n'  |  ,j,  i..  i  hi  |  r  -l  1  ninfi  of  bending  of  three-layered 
'  <>  h  i  in’cM  mii  t '  i  t  h"  a -tlon  of  a  lateral  load,  we  obtain  a 

.1  ,  Dv  "i  <«<  l''n  i  -I  fun  t. 3  in  q1.  By  disregarding  the  flexural  rigidity 
ur  "at  tying  laym,  the  solving  equation  of  bending  of  a  three- 
M-.  |  iatr  with  light  filler  coincides  in  form  with  the  equation 

of  t *  t<  / 1 1 ig  ut  a  b  1  ng I e-j ayr  plate.  We  shall  show  the  analogy  of 
fu.n.'i  t  ji.  In  tlie  solving  equation  of  three-layered  plates  with 
defi^.ton  w  in  the  theory  of  single-layer  plates,  as  a  consequence 
of  whii  h,  the  formulas  for  calculation  of  shearing  stresses  and  moments 
oT  three -layered  plates  have  the  same  form  as  the  respective  formulas 
for  single-layer  plates. 


v\  i  16 


Thus,  the  introduction  of  function  <p  reduces  the  calculation  of 
a  threeriayer  plate  to  the  calculation  of  a  single-layer  plate.  The 
solution  for  deflection  w  of  a  three-layer  plate  is  obtained  in  the 
form  of  the  sum  of  two  parts,  one  of  which  expresses  bending  of  the 
carrying  layers,  and  the  second  one  expresses  bending  of  the  filler. 

The  following  problems  are  solved  as  examples:  bending  of  a  freely 
supported  rectangular  plate  with  light  filler  and  a  circular  plate  with 
stiffener  under  the  action  of  a  transverse  load.  The  proposed  method 
allows  us  to  solve  those  problems  whose  boundary  conditions  can  be 
satisfied  by  the  introduction  of  function  <p.  When  the  problem  is  not 
symmetric,  usually  its  solution  is  difficult.  Function  <p  will  make 
it  possible  to  significantly  decrease  the  volume  of  calculations  and 
reduce  the  solution  to  calculating  formulas.  Finally,  we  shall  note 
that  if  the  total  thickness  of  a  three-layer  plate  with  carrier 
layers  of  constant  thickness  changes  according  to  the  law  H  «  k<p, 
where  k  is  the  proportionality  factor,  then  in  this  case  it  is  alBO 
possible  to  automatically  satisfy  the  equation  of  moments,  express 
deflection  through  <p,  and  obtain  a  solving  equation  for  <p. 

Designations 

a,  0  —  curvilinear  coordinates  of  the  middle 
surface  of  the  filler, 

Ag  wuc  pa.rcuiieterBj 

R.. ,  fu  —  main  radii  of  curvature  of  middle 
c  surface  of  filler, 

u’,  v',  u",  v”  —  movement  of  point  of  middle  surface 

correspondingly  of  the  upper  and 
lower  carrier  layers, 

w  —  deflection,  not  depending  on 
coordinate  z, 

t  dir  '  _'J_  dm  . _ 

“  A,  ~  At  #?  *  V«,  W  '  W \A-  d\) J  * 
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h,  t  —  thicknesses  of  filler  and  carrier 
layer, 

.  «•-«*  v'-v* 

“  M  +  t  *  1  A  +  <  • 

Tl'  T2>  *12'  Tl~  T"f  —  membrane  forces  correspondingly  for 

^  ^  the  upper  and  lower  carrier  layers, 

m±,  mg,  m. _  —  bending  and  twisting  moments  with 
respect  to  the  middle  surface  of 
filler, 

E,  E'  ~  elastic  moduli  of  filler  and  carrier 
layer. 


Poisson  coefficients  for  filler  and 
carrier  layer, 

shear  moduli  of  carrier  layer  and 
filler, 

_ _  E't  (k  +  ty 

*l  1-**’  iJ~  12(1-**)  '  Cl~  2(1  —  »i)  ’ 

^  Trr- 

».=<:.»•  °.  =  ^-  (5) 

1.2  signifies  cyclic  permutation. 


i.  Introduction  of  the  DispO  ^cement 
Junction  f’or  a  llhree -Layer 

The  system  of  differential  equations  of  equilibrium  of  a  three- 
layer  shell  with  light  filler  of  symmetric  structure  has  the  following 
form  [i],  [2],  [?]i 


LAT  i 

‘  ' 

—  n  o 

-JX’  • 

t  A  <1  \ 

v-***-/ 

AfAj  ,  ^ii4* 

*i  1  + 

t)l  + 

(1.2) 

77  (**)  ~  ' 

^^-0,(1-.,)“  0, 

(1*5) 

-A1'™- 

a,  o, 

(*.*) 

where 


7l-rl  +  77,  r,-r,  +  r;,  Tn=r„  +  rvi, 
i,<r)-£(r,A,)- +  +  <TJ). 


18 


(1.1)  is  the  equation  of  equilibrium  for  membrane  forces,  (1.2)  is 
the  equation  of  bending,  (1.?)  and  (1.4)  are  the  equations  of  moments. 

Assuming  that  the  deflection  w  does  not  depend  on  2,  according 
to  Hooke's  law,  we  obtain 

-  - £')}  'H> 

4  U*  A**  *J 


consequently. 


(**)••■ L\ (I*  1  )i  1$ (*0  “  l)> 


We  shall  try  to  satisfy  the  equations  of  moments  with  the  help  of 


function  <p,  considering  that 


i-i* 

<*. *’  *  M*' 


(1.5) 


After  transformations,  equations  (1.3)  and  (i.4)  are  reduced  to  the 


form  of 


Lb  it (tv> + ^  + # (- «&vn - 

)  UW,,T  ApAp  *>L«U,  it\A,  #JJI 

-T<S"t)“0>  V  -  (A-6) 

Jirfi.  .»»)'+  _sL  w*  jri  ‘L)  +  LfL  i4Yn  - 
2  1*  iM,  iK*Ui  */  *Ui  tt/JI 


*  \<P ,  .*?/ 


(1*7) 


According  to  [4],  the  expression  In  the  brackets  constitutes  a 
Gaussian  curvature  of  surface;  therefore,  equations  (1*6)  and  (1.7) 


will  contain  the  main  curvatures 


#  """357 


(1.8) 


where  /— 


X.  *,X, 


Thus,  if  the  main  curvatures  of  the  shell  is  constant,  then,  by 
Integrating  (1.8),  for  deflection  w,  we  shall  obtain f 

•-u-/>f-frTV  (1.9) 
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.  ■>- 


Formula  (1.9)  will  be  valid  for  cylindrical,  conical,  and  spherical 

a  1  r\T*\ ^n-  «Via1  T  n 
•—  —  unwj.a.o  4 

Let  us  consider  the  general  case  of  a  sloping  shell,  for  which 


~  e  «  1,  where  L  is  a  characteristic  dimension  of  the  shell. 


R  is  the  smallest  radius  of  curvature,  and  e  is  the  error  allowed, 
as  compared  to  unity. 

Formula  (1.9)  will  also  take  place  in  this  case,  if  f  «  i. 


2.  Bending  of  Three-Layer  Plates  with  Light  Filler 

Let  us  consider  small  deflections  of  three-layer  plates  with  a 
light  filler.  If  we  disregard  the  flexural  rigidity  of  the  carrier 
layers  D',  then  with  the  help  of  (1.9)  the  equation  of  bending  (1.2) 
is  biharmonic  with  the  right  side: 

V*f  - - - .  (2.1) 

The  formulas  for  shear  stresses  and  moments  of  a  three-layer  plate 
coincide  In  form  with  the  corresponding  formulas  of  a  single-layer 
plate : 

m‘  ~C>  (S  +  I?}  ^c‘  ’ 

u2. 

We  shall  write  the  boundary  conditions  which  should  be  satisfied  by 
function  <p : 

a)  if  edge  x  =  a  is  secured,  then 

-  o, 

b)  a  freely  supported  edge  will  be 

*  S+,,5L-.“0’  $L.~0, 

c)  a  free  edge  will  be 

ft*  L  _  r,  d  l  rt  iV  I 


S+'SL-*  &L-* 
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As  an  example  we  shall  consider  the  bending  of  a  freely  supported 


rectangular  plate  under  the  action  of  a  lateral  load.  The  boundary- 
conditions  will  be  satisfied  if  function  9  i®  taken  in  the  for®  of 


f—  JJ  4M«incar*>s|nPN>, 

a,  •— 1.  &  «, 


where 


w  m  *f» 

*-“7-  f-~7 

Let  us  assume  that  the  load  p  is  constant.  Then,  expanding  one  in 


a  double  Fourier  series 


10  d  »la  sin  Pa 

"  «*  h 


and  using  equation  (2.1),  we  find! 


«’*  (*+*)*  Ml  <«*+?*) 


According  to  formula  (1.9 ),  deflection  w  will  be  written  as 

•  -  £  vslnV* 


where 


A“"  ”  <?t  +m*  (**  4-  ^ 1  +*(«*  +  **i*)|. 


(2.2) 


Equation  (2.2)  and  the  corresponding  formula  of  [5]  was  performed  for 
X  =  0.5.  The  results  of  calculations  turned  out  to  be  very  close. 


5.  Bending  of  Three-Layer  Plates  of 
Variable  thickness 


Let  U6  consider  a  three-layer  plate  with  carrier  layers  of 
constant  thickness  t.  If  the  equation  of  moments  (1.5),  which  was 
written  for  such  a  plate,  is  differentiated  with  respect  to  y,  and 
equation  (1.4),  with  respect  to  x,  and  it  is  subtracted,  we  will 


obtaini 


^[5«-cw]-r5^s-[S-S]-  (5<1) 

If  the  total  thickness  of  the  plate  changes  according  to  the  law 
II  ■  k9,  where  k  is  the  proportionality  factor,  equation  (5.1)  will  be 


satisfied  with  the  help  of  function  9,  by  considering  that 

*x  '  '  dy  ' 

Instead  of  (1.9)#  for  deflection  w  we  will  have: 


(3.2) 


For  simplicity  we  shall  consider  cylindrical  bending  of  a  plate,  so 
that  9  «  9(x),  The  equation  of  bending  takes  on  the  form  of 


where 


+  hfl  +  +  hi  ?x,  “  -~f~ . 


(3.3) 


Let  us  assume  that  the  edges  of  the  plates  are  secured,  i.e„, 

5U  =  °- 

The  boundary  conditions  will  be  satisfied  if  function  9  1b  taken  in 


the  form  of 


A'-m 


Consequently,  in  this  case  the  plate  thickness  changes  according 


to  the  following  laws 


"-**['  ~  (v)7  • 


By  calculating  coefficient  aQ  according  to  Galerkin's  method,  we  shall 
determine  the  deflection  from  formula  (5.2) 


-  (f)7 + w  -  •'’>=  -  4*I(I  - 


where  hu  is  the  maximum  thickness  of  the  plats.  Consequently,  the 
values  of  maximum  deflection  will  be: 


w  —  + 


40^*5  20*00, 


4.  Introduction  of  the  Displacement 
tfuhc'ilon  ‘for  k  ^iree -Layer 
'  ~  TTOT  wlEha  15TTf? ener  " 

In  this  case  the  dependence  between  the  deflection  and  the 
displacement  function  9  is  the  following t 

(<I,V*  —  1  —  (aaf  *  +  a3Ot)  w  -f  C  *=  0.  (  4  .  i  ) 

fr  m  •  ^ 

In  formula  (4.1)  C  is  an  arbitrary  constant.  If  the  deflections  are 
small,  the  equation  of  bending  [3],  which  is  expressed  by  <p  and  w, 
will  have  the  form  of 

v1  l««ya?  +  +  x\  —  0,  (4.2) 


where 

?’*-#.  (4.3) 

•a-Cx  +  1±*D%  al-2D'-~D. 

From  (4.2),  we  find 

V*(«<T  +  «*»)  +  x — f(x,  y ),  (4 . 2 8  ) 

where  f(x,  y)  is  a  harmonic  function. 

Function  X  satisfies  Poisson  equation  (4.3)>  and  the  boundary 
conditions  for  it  are  established  in  the  course  of  solution  of  the 
problem. 

Consequently,  for  the  solution  of  problems  of  bending,  we  have 
two  equations  (4.1)  and  (4.28)  with  respect  to  unknowns  w  and  <P,  from 
which  we  obtain* 


,-,4- 

J. 


»  +  -=?r^^  +  ^-^  +  C«e.  (4.4) 

Constant  C  characterizes  rigid  movement,  and  therefore  it  can  be 
rejected.  Putting  (4.4)  in  the  equation  of  bending,  we  arrive  at  the 
equation  for  determination  of  91 

v<?  +  (g*  - <h) V*?  +  P  +  ~ 0.  (4.5) 
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5.  Bending  of  a  Three-Layer  Circular 


Below  we  shall  solve  the  problem  of  bending  of  a  circular  plate 
with  a  stiffener  under  action  of  constant  external  pressure  with  the 
help  of  equations  (4r.4)  and  (4.5).  If  the  plate  Is  secured  all  over 
its  contour,  the  boundary  condition  for  qp  will  be: 

-t +*•****•  TV  -0.  f-i  -0.  *1  -0.  (5.1) 

Mivj  r*ma  df  dfymtm 

From  formulas  (4.3)  end  (4.4)  and  the  given  boundary  conditions. 


we  find a 


/~  0.  X a*). 


Introducing  a  system  of  substitutions. 


+  «j a, 


,  sJ^ai~  a5. 


i — v\,  a  «  j/a  h 

we  reduce  (4.5)  to  a  Bessel  equation: 

dA*  A  dA  St 

The  solution  for  q?  will  bs  obtained  in  the  form  of 

_  _  i  i  c*y  r 

f  ^  ##<V)  “  +  ~  +  C*' 

where  is  a  Bessel  function  of  the  first  kind, 

'-7- 

C^,  C?,  are  arbitrary  integration  constants. 


(5.2) 


(5.3) 


By  determining  C^.  C~.  C_  from  conditions  (5.i)»  we  find  the 
value  of  maximum  plate  deflection  from  equa:lon  (4.4) 


(5.4) 


4 -  j=U.  4-4(40. 1,-1, iU- 
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CALCULATION  OF  THE  NONAX IAI.LY  SYMMETRIC  STATE  OF 
STRAIN  OF  CYLINDRICAL  SHELLS  TAKING  INTO  ACCOUNT 
THE  ELASTICITY  OF  THE  REINFORCING  FRAMES 

Yu.  I.  Kaplan 

Definitions  of  Cyrillic  Items 

flon  =  sec  =  secondary 
m  »•  f  *  frame 
Kp  *  crit  *  critical 

In  this  article,  hy  the  methods  of  [1],  we  obtain  analogous 
results  for  nonaxl&lly  symmetric  strain.  All  assumptions  concerning 
the  work  of  frames  and  the  approach  to  the  solution  of  problems  are 
presented  in  the  mentioned  article.  The  basic  designations  are  also 
taken  from  it . 

As  a  functional  unknown  in  the  solution  of  the  problem,  we  take 
the  total  moments  in  longitudinal  sections  by  the  energetic  method: 

m 

i1) 

Then,  under  certain  assumptions  (e  «  0,  «  0,  i,e.,  with 

Inextenslbillty  of  the  outline  of  the  cross  section  and  the  absence 
of  shear  strain  In  the  middle  surface),  all  Internal  forces  can  be 
expressed  through  the  introduced  unknowns.  The  stresses  In  cross 


sections  are 


*»£»  VI  (it) 


where 


— »  -  -  £««'*«■  <*> 


/-  W— ■ 


a#*  cos «? 


/>_  **(«»-!)  ’ 


(3) 


Is  the  cylindrical  rigidity  of  the  shell  wall.  The  remaining 
internal  forces  are  easily  expressed  through  and  their  derivatives, 

but  they  do  not  make  an  essential  contribution  to  strain  energy,  which 

5  fol! 

<?  M 

f  JOM  * 


for  a  section  of  the  shell  has  the  following  form: 

L 


00 


Intermediate  frames  are  loaded  by  the  drop  of  tangent  forces  that 
are  acting  In  a  given  section  of  the  shell: 

-  !♦;  (*r + o)  -  *;  (*,  -  o)i  f  «,/  (*)  a.  ( 5 ) 

•  * 

These  forces  produce  bending  of  the  frame  by  a  load 

-*♦;  <*,  +  o)~*;  (*,—o)j  •»„(*), 

where  the  moments  from  the  tangent  flow 


will  be: 


*».(*)■ 


EXH, 


P»*'  (**  —  1 J* 


COS  Itf  — 


cot  *f 
4*1 


In  (8)  we  designate: 


i*m  ir 

4EX% 


(6) 

(7) 

(8) 
(9) 


Consequently,  formula  (4)  takes  on  the  form: 


+ +M‘,“,X+ 
■  ^  db  $  { E  + 0)  ~  tx'  -  < 0)1  F *  - 

z 

-fr«-  K  •  *-  >  **  +  r«rltr  (X  -  X,)l 


(10) 
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Here  I.-  is  the  moment  of  inertia  of  the  frame  with  coordinate  x  «  x  . 
ir  r 

Since  (10)  in  general  notation  coincides  with  (6)*,1'  the  natural 

boundary  conditions  of  the  mixed  variational  problem  will  also  be  the 

same  as  (8)*: 

Sr  — 5—  0  (x-x,).  (ID 


St — £--o  (x-x,\  (ii) 

The  Euler  equation  in  this  case  reduces  to  a  differential  equation 


£DKr 


0. 

(12) 

+  -  o. 

(15) 

The  solution  of  the  last  equation  is  (12)*,. 

In  case  of  rigid  intermediate  frames,  the  constants  Dr  are  deter¬ 
mined  from  these  conditions i 

(1*0 

With  elastic  frames,  these  constants  are  found  from  condition  (11). 
For  determination  of  — we  express  tp  ,  by  analogy  with  [ 1],  in  the 

K 

formula  for  energy  (10)  through  from  the  equation  of  equilibrium 

of  moments  in  the  longitudinal  section  of  the  shell  in  its  additional 
state  (m^  are  balanced  by  the  moments  which  appear  due  to  the  tangent 
forces ) 


or,  using  (8). 
wheuc  e 


<*)  COI  <5f  +  tiv  (X)mm  (a)  ~  0 
(*)  +  «*!  ♦.(*)-<>. 

t.W- 


(15) 

(16) 

(17) 


Putting  (17)  in  (10),  and  calculating  — T yr»  we  have! 

n 


1 'Asterisks  note  formulas  of  [1], 
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(18) 


~  — *  T“'  * 


D=  4** 


The  second  term  In  (11)  will  be 


■“-Er;  !♦:  (Jfr  +  0)  - 1;  (xr  -  0)1.*/?,  ( 19 ) 


so  that  the  boundary  condition  finally  take#  on  the  form: 

K  vv -f-  0)+-~-4k*Mx-xr). 


(20) 


Using  now  (12)*,  (11) *,  and  (20),  we  obtain  the  sought  constant 

* 


D,~- 


*TT*=o>  Dm 


**i  ❖•(jc  -  xr) 


(21) 


and  the  general  solution  of  (12)*: 

♦«<*)  -  d,«>0  (x)  +  (x)  +  +  Dt*t(x)  +  *•(*){  - 


♦,  (x — 0) 


4ki 


£im. 


♦,  (x  -  (x  -  a^,).  (  22 ) 


Further  solution  depends  on  the  character  of  the  considered 
problem,  which  Is  expressed  by  equation  (15). 

The  system  of  equations  for  the  determination  of  the  constants 
completely  coincides  with  (21)*  and  (22)*, only,  naturally,  formula 
(25)*  looks  otherwise: 

I 


O, 


(2?) 


1 .  Transverse  Bending  of  Cylindrical  Shells 

In  case  of  transverse  banding,  the  energy  of  the  unit  of  length 
of  the  shell  in  its  secondary  state  is 


1^In  formula  (22)*  one  term  is  left  out  and  there  is  an  error 
within  the  limits  of  summation*  The  corrected  formula  has  the  form: 

m  . «— : 
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r  -  j>  { 2^-  [  £  w.  w  -  A.  <*» cos f +  ^  [  £  ♦«  w/%  w  J)rfs-  ( 24 ) 

where  A  (x)  are  the  coefficients  of  expansion  in  a  series  of  the 
momenta  acting  in  the  haee  system*  Therefore,  in  equation  (13) 

a, - 4*1  A,  (x),  (25) 

and  it  takes  on  the  formj 

*1V  +  4*1  *=  4*1  Aa  (x).  (  26  ) 

4>^(x)  in  this  case  constitute  Krylov  functions  for  the  calculation 
of  "beams  on  an  elastic  support.  The  particular  solution  will  "be: 

^  (x)  ==  4*.  JX  (*)♦,<*-*)*.  (27) 

t 

Therefore,  general  solution  (22)  will  he  written! 

♦.  (■*)  -  (*)  +  i  (x)  +  C,<P2  (x)  +  0,4*3  (jc)  + 

*  IB 

+  4*.  j  A.  (T>  (•*  -  X)  (X  "  *'“> )  *3  ( «  ~  (  28  ) 

•  <rT?  "  . 


2.  The  Asymmetric  Form  of  Stability  Loss 
tJnder  the  Action  of  Axial  Forces 


In  this  case. 


WV  .  *  /.  ,  1  w  *♦.<*>  y 

2  JO*  III*-  IP  l  »*  M  **  / 

w  *  *■  '  r  ’  * 


(29) 


where  wn  and  correspondingly  are  the  normal  and  tangent  shifts 
in  the  plane  of  cross  section. 

Then 


«»(«*  +  i) 


Vm  (*)’ 


>  ■*  ett* 

and  equation  (13)  takes  on  the  form  of 

t!V  +  2*1*;  +  4*1$„  «=  0 


(50) 


(51) 
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where 


g!gL±i> 

«  *»  2£/P 


(32) 


It  completely  coincides  in  structure  with  (33)*  and  is  therefore 
solved  in  the  same  functions  as  the  latter.  These  functions  and 
their  properties  are  shown  in  formulas  (3*0*  and  (38)*,  and  Table  1 
[1],  only,  naturally,  instead  of  7^  and  7  ,  there  will  appear  7^n  and 


Ti«  —  r  —  r 

*»"  Tu7t»  ““  2**  • 

As  a  result,  general  solution  (22)  is  thus  written: 

♦„(*)  —  ^,*,(jr)  +  (x)  +  C,«,(.r)  +  D,<K3  (-*)  ||  - 


*■«»« 


~3j  2  *• <JC  “  _ 


(33) 

(34) 

(35) 


(36) 


3.  Stability  Under  the  Action  of 


Jniform  Transverse  Pressure 


In  this  case 


where 


A  «  ipW* 

2  ’ 

*P  —  —  -f-  (®,+  =  ^  w cos  n*- 


(37) 


(38) 


;re  p  Is  radial  pressure,  under  whose  action  the  shell  loses  Its 


stability. 

Then 

and  equation  (13)  can  be  represented  as 

$  — 


(39) 


(40) 
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where 


'J 


* 


£»,»«(*»*- r  & 


(41) 


Equation.  (40) 


Coincides  in  structure  with  the  ei^UatlOu  that 


describes  free  oscillations  of  rods,  and  it  is  solved  in  Krylov 
functions  <3>^(x)  of  the  first  kind.  The  general  expression  of  (22) 
will  be i 

t„(jc)  —  Afi0(x)  +  (x)  +  C,4>2(.t)  +  Dfi  3(x)  |  — 

(42) 


4 •  Stability  During  the  Joint  Action  of 
Uniform  Transverse  Pressure  and 
Axial  Compression 


This  problem  essentially  is  a  combination  of  the  preceding 
solutions.  Here,  besides  (37),  it  is  necessary  to  also  add  the 
potential  of  external  forces,  which  is  expressed  by  (29).  Thus, 

B  also  will  be  represented  by  the  sum  of  (39)  and  (30) ,  as  a  result 
of  which  equation  (13)  takes  on  the  form  of 


where 

and 


$  +  2vi<£  —  Xj «=  0, 

(*3) 

•  •*  2  ER' 

(44) 

,4  1)»  r *  ,i 

*  «TI  M  1  n  l«3 _  1\  1* 

t*'  |_  •'m  v  •/  j 

(^5) 

Function  <t^(x.)  in  this  case  will  be  written  as 

(■*)  “  "J"  (Fu  "t  ch 

*i 

+  .  (46) 

•t<*)  -  cos  --  ch  plrt, 

♦»(■*)  =  j-  <?u  si"  3arC  -  ?i,  sh  ?ltx). 

** 


Here 


ili5srS»2-  -■  J* 


s»-KT+K  -S  +  zl. 


C47) 
%  ’  / 

(48) 

(19) 


The  derivatives  from  functions  (46)  are  shown  in  the  table, 
where  the  following  designations  are  introduced* 

*«<-*)  -  *5(- 4-  C0«  ^ —  Ch  ?lBx  ), 

(x)  - £  sin  -  ~  sh  ?lrt). 

*,W  “li(- #ln  ?2^f  +  8h  ^  ) 


(50) 


Table 


«•/<*) 

♦;<xj 

♦;  (x) 

♦•(x) 

-  w 

*.<*) 

♦*<*> 

‘A 

~  ll  ♦»  U) 

♦.W 

JLa<¥>,  (x) 

. 

1*5  /  rV  . 

The  general  expression  of  (2^)  will  bet 

%<*)*=*  A,*«(x)  +  Bfil  (x)  +  C,$s(x)  +  D,$ j(x);  + 

I  • 

+  — fjc  -  fx  -  a-_.b  (  51 ) 

Zi  °m . 

Conclusion 

With  any  number  of  elastic  Intermediate  frames,  the  problem  is 
reduced  to  no  more  than  four  constants,  and  practically,  to  two 
(since  the  extreme  frames  are  almost  always  sufficiently  powerful), 
for  which  the  system  of  equations  is  written  in  general  form.  In 
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the  example  of  different  problems  we  show  the  application  of  the 
presented  method  for  obtaining  a  general  solution. 
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VIBRATIONS  OF  AN  ANISOTROPIC  PLATE  UNDER  A 
CONTINUOUSLY  MOVING  DISTRIBUTED  LOAD 

A,  P.  Kovrevskiy 


Definition  of  Cyrillic  Item 
pa3M  -  dim  »  dimensionless 


The  problem  of  vibrations  of  elastic  bodies  during  the 
movement  of  a  flow  of  mass  through  their  surface  arises  In 
the  study  of  different  radiator  systems,  and  also  In  examin¬ 
ing  the  vibrations  of  bodies  of  liquid-fuel  rocket  engines 
taking  into  account  the  liquid  coolant  between  walls. 

Here  we  study  the  free  vibrations  of  orthotropic  plates 
which  carry  a  mass  flow  evenly  distributed  along  their 
surface.  We  consider  that  there  are  no  frictional  forces 
between  the  flow  and  the  plate.  The  trajectory  of  flow 
repeats  the  bending  mode  of  vibrations  of  the  plate. 

Structurally,  such  a  system  may  be  accomplished  by  passing 
a  fluid  flow  between  the  layers  of  a  three-layer  plate  with 
a  corrugation  filler.  In  a  certain  range  of  frequencies, 
the  three-layer  plate  may  be  replaced  by  a  one-layer 
orthotropic  plate,  which  is  equivalent  to  It  in  the  sense 
of  flexural  rigidity;  however,  questions  of  such  reduction 
are  not  considered  here. 

This  work  is  an  extension  of  the  known  problem  of  free 
vibrations  of  pipelines  to  vibrations  of  plates. 

A  similar  problem  concerning  the  free  vibrations  of  an 
Isotropic  plate  under  the  action  of  an  evenly  distributed 
moving  load  was  set  up  by  I.  I.  Gol'denblat  [1];  however, 
the  author  did  not  give  Its  solution,  as  he  limited  himself 
to  general  Instructions  about  the  method  of  solution. 


§  1.  The  equation  of  free  vibrations  of  an  orthotropic  rectan¬ 


gular  plate  of  constant  thickness  is  written  in  the  form  [2]: 


*+ 2D, 

1  &  *  ett'  1  dy  1 


Here  we  designate: 


C  “  l  (£,  t)  is  the  deflection  of  the  middle  layer  of  the 

plate, 

is  Tj,  t  are  the  coordinates  and  measured  time, 

m.  is  the  density  of  the  pla  ,e  material  per  unit  of 
surface, 

D,  *  '-£***—  ,  £>  ~  — &*! —  ,  Da  =  — -£^>- +  2  . 

G  ,  E  ,  E.  is  the  shear  modulus  in  plane  and  the  elastic 
‘  y  x  ^  moduli  in  the  direction  of  axes  £  and  tj, 
correspondingly, 

v  ,  v  are  the  Poisson  ratios  of  the  plate  material, 

*/ 

l  ,  l  are  the  dimensions  of  the  plate  in  the  plan  along 
y  axes  £  and  tj, 

h  is  the  thickness  of  the  plate* 


tet  us  assume  that  the  flow  moves  in  the  direction  of  axis  £  with 
constant  speed  v  (Fig.  1).  Flow  density  per  unit  of  surface  is 


Zl 


.yy 

lzS: 


designated  as  p. 

During  vibrations  of  the  plate  the 
trajectory  of  flow  is  distorted.  In  the 
direction  of  flow  on  the  plate  there 


act  two  additional  inertial  forces: 


Fig,  1. 


n  Q  f  O  C 

centrifugal  pv^  — *  and  Coriolis  2pv 


Furthermore,  In  the  expression  of  the  d’Alembert  force  of 
inertia,  the  mass  of  the  plate  m.j  mast  be  increased  by  p(m  ^  +  p) 


New  the  equation  of  free  vibrations  of  the  plate,  taking  into 
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account  the  flowing  mass,  will  be  written  by  the  following  form: 

£>,  4-  -f  £>a—  t 

f  2px>-—-  +  p?5-—-  +  m  ™  =  0.  ( 2 ) 

C:<K-  tf?  or1 

We  shall  introduce  dimensionless  magnitudes: 


*-7-. 

•4P 


V  n,«  A 

From  the  last  two  relationships,  we  find: 

«  «=  ji’jfc,  «h*r«  k  —  . 

In  the  shown  designations,  equation  (2)  takes  on  the  form: 

1  1  dx*  *dx  df  5  dy‘  *  dxdl  d.t‘  dt‘  V  ; 

The  Bystem  described  by  the  given  equation  is  nonconservative. 

If  the  Coriolis  force  is  small,  as  compared  to  the  remaining  terms, 
then  equation  (Jj)  coincides  with  the  equation  of  vibrations  of  a 
plate  that  is  compressed  by  a  longitudinal  force.  In  systems  of  such 
type,  unstable  conditions  are  possible. 

Finding  of  an  exact  solution  of  equation  (5)  is  hampered; 
therefore,  we  shall  use  Ctalerkln's  method.  The  problem  consists  of 
finding  the  function  w(x,  y,  t),  which  satisfies  the  variational 
equation : 


The  sought  solution  is  presented  in  the  form  of  a  double  series 

• (x, y,  t)  -  fj  £*,(*)•  V.(y) «„(/),  (5) 

n-l  r~ 1 

where  am(t)  are  variable  parameters.  In  such  a  form,  Oalerkin's  method 
was  applied  in  the  solution  of  certain  problems  concerning  the  flutter 
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of  panels  [5].  As  the  basic  functions  ( x )  and  Y  (y),  it  is 

convenient  to  take  beam  functions,  since  they  immediately  satisfy 
the  boundary  conditions.  Substitution  of  (5)  in  (4)  gives t 

(TV  V|7  f  d,-^ L  -  -1  d,Xm£Zs-  +  oY„  f-'law  -t- 

]jAJ  rf.v  3  iix*  dy*  -  dy •  <f.v’  / 

U  U  I  rt-l 


+*‘K-7T‘^r+ (6) 

The  property  of  orthogonality  of  beam  functions  with  respect  to 
derivatives  of  the  zero  and  fourth  orders  is  well  known.  Subsequently, 
we  shall  consider  only  plates  that  are  freely  supported  on  their 
edges  y  «  0  and  y  *=  Z «  For  such  cases,  functions  Y  (y)  are  orthogonal 
also  with  respect  to  derivatives  of  the  second  order. 

From  the  properties  of  the  beam  functions,  it  also  follows  that 


V  Y 
dm  1  «• 


where  a^,  are  eigenvalues  of  the  boundary  value  problem  of  vibra¬ 
tions  of  beams  with  boundary  conditions  that  correspc.id  to  the  condi¬ 
tions  of  supporting  the  plate  on  its  edges  x  «  0,  x  ■=  1  and  y  *=  0, 
y  «=  l . 

Inasmuch  as  the  edges  y  *  0  and  y  «  l  of  the  considered  plates 
are  freely  supported,  functions  Y  (y)  must  be  taken  In  the  form* 

Ya(y)  —  sin  ?,«■=  —  .  (7) 

Considering  the  shown  properties  of  beam  functions,  from  (6)  we 
will  have i 


S  Sfw + -wi>X«fSrS" H  ('■  J'S  -i?  + 

4B-J/-I  «  »  »-l  »  ■-> 

+ ^  x*  /s dxdy + 

(t 

*  •d-l 
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During  free  vibrations  of  a  plate,  along  axis  y  exactly  n  half- 

o° 

waves  are  set.  Therefore,  instead  of  the  entire  sum  L  Y'T,  it  is 

n«±  n 

possible  to  consider  only  one  n-th  term.  If  we  still  consider  that 
5a1  are  arbitrary,  then  from  (8)  vie  obtain  finally  a  system  of  ordi¬ 
nary  differential  equations  with  const,  mt.  coefficients  for  the 
determination  of  a^t); 


<■— ( 

4=1.  2,  3, 

(9) 

A*  - +  p:  d^x-xfx  +  7J7?5  X^x  ~ 

(10) 

(11) 

Cmt-\[xmX<dx. 

.  (12) 

Obviously,  in  virtue  of  the  orthogonality  of  beam  functions, 

Cml  *=  0  when  m  ^  i.  The  solution  of  sytem  (9)  reduces  to  the  deter¬ 
mination  of  the  roots  of  the  determinants 

^ii  t  t  ^jj  i  riSji  i 

An  +  rBn  +  ...  J  **“  0.  ( 1;5 ) 

•  •  *  •  •  •  «ao  r 

The  roots  of  the  determinant  in  general  are  complex,  i.e., 
i  «  6  -f  ico.  The  imaginary  part  of  the  roote  corresponds  to  the 
dimensionless  frequency  of  vibrations;  the  negative  real  part  con¬ 
stitutes  the  logarithmic  damping  decrement.  If  the  real  part  of 
either  root  iu  positive,  the  vibrations  are  'unstable.  The  dimensional 
frequencies  end  the  logarithmic  damping  decrement  are  connected  with 
corresponding  dimensionless  magnitudes  by  means  of  the  following 
relationships : 
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for 


M  mm  (j)<|  /  ^  )i  N 

§  2.  We  shall  now  define  coefficients  Am^,  B^,  and  Cmi 
certain  simple  forms  of  edge  fastenings. 


A.  A  plate  which  is  freely  supported  around  its  entire  outline 

|  0 

;  _  (15) 


Ami 


0  i  «*=  m, 

tUm 


4  (/“  —  **) 


[C«i  ^  )  —  —  («  —  >  -1  *-». 

m, 

[2/  —  (i  — m)  cos  ( m  +  i)  *—(<  +  m )  cos  (i—m)  *|,  <  ^  m. 


(16) 


0, 


|—  .  i  ffl. 


(17) 


x 


B.  The  plate  edges  y  «  0,  y  «  l  are  freely  supported,  edge 
0  is  fixed,  edge  x  =  1  is  free: 

aJ‘  1  r&Xm_KJx  (18) 

0 

rirXldx'  (19) 


■ 

4*  -  Ci  +  )Cml  +  <«  - 


i 


(20) 


The  values  of  the  integrals  in  expressions  (18)  and  (19)  are 
given  in  [5].  We  shall  write  out  some  of  their  values. 


Table 


mi  |  11 

22*  (  12 

\ 

21 

J 

0 

rtXiix 

i 

8.71! 

1.928 

’-6,364 

|  1.016 

J 

1.%} 

-12.815 

2.982 

2,982 
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The  value  of  integral  (20)  when  m  «  i  will  be  determined  by  the 
value  of  function  on  edge  x  ■»  1,  and  will  be: 


m  ■ 


4  i 

4  L. 


5,  «  S , 
m  =»  2. 


(21) 


The  last  two  values  are  taken  from  the  book  by  V.  Z.  Vlasov  [4], 

§3.  We  shall  perform  certain  calculations  for  an  illustration 
of  the  influence  of  the  rate  of  flow  on  the  natural  frequencies  of 
a  plate. 

The  calculations  will  be  conducted  in  second  approximation. 

From  determinant  (13)  we  obtain  in  this  case  the  following  character¬ 
istic  equation: 

+  (CiAi  +  C^B^r3  +  (CjfAu  +  + 

+  (^11^23  +  ^12^21  -^11^12)  r  t  —  0.,  (  2d) 

By  examining  the  coefficients  of  equation  (22),  it  is  possible 
to  note  that  case  A  equation  (22)  will  be  biquadratic,  and.  in  case 
B  it  constitutes  a  full  polynomial  of  the  fourth  degree. 

A  more  attentive  study  of  the  following  approximations  allows 
us  to  conclude  that  in  cases  when  the  edges  of  the  plate  x  0,  x  «  i 
are  secured  from  transverse  shifts,  the  characteristic  equation  will 
have  only  even  powers  of  r.  In  the  range  of  parameters  1-1  rnd  k,  which 
present  practical  interest,  the  squares  of  the  roots  of  this  equation 
are  real  numbers.  The  power  of  equation  is  equal  to  2p,  where  p  is 
the  selected  number  of  approximations.  If,  however,  the  plate  has  a 
free  edge  in  a  direction  transverse  to  the  flow,  the  characteristic 
equation  is  a  full  polynomial  of  the  power  2p. 

In  the  first  case  the  roots  of  the  equation  are  either  purely 
Imaginary,  or  real,  i.e,,  there  occur  vibrations  without  damping 
or  the  plate  will  lose  Its  stability  by  exponential  law. 
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In  the  second  case  the  roots  of  the 
characteristic  equation  are  complex,  i.e., 
there  will  take  place  vibrator  conditions 
with  damping  (with  a  negative  real  part  of 
the  roots)  or  with  a  growth  of  the  amplitudes 
in  time  (with  a  positive  real  part). 

It  is  necessary  to  consider  that  in  a 
real  system  there  always  exists  energy  dissi¬ 
pation  in  the  material  and  in  the  supports, 
which  is  not  considered  here. 

Figures  2  and  5  show  the  dependences  of  the  lowest  roots  of 
equation  (22)  on  the  parameter  of  speed  p  for  cases  A  and  B,  corre¬ 
spondingly.  The  calculations  were  conducted 
with  the  following  values  of  parameters: 
dg  •«  0.01,  *  0.1,  l  *=  0.5,  k  «=  1, 

Let  us  note  that  the  results  of  calcu¬ 
lations  in  third  approximation  insignifi¬ 
cantly  improve  the  results  of  second 
approximation.  For  instance,  for  a  plate 
that  is  freely  supported  around  Its  entire 
outline,  when  n  *=  i  and  p  «  from  the 
second  approximation  we  have:  o>  »=  7»88. 

The  third  approximation  gives:  *  7*59. 

The  divergence  constitutes  a  total  of  5*9$ 

§  4.  On  the  basis  of  what  has  been 
F16*  5.  said,  we  can  make  the  following  conclusions. 

i.  The  influence  of  a  mass  flow  on  the  dimensionlees  natural 
frequencies  of  a  plate  is  determined  by  two  parameters  p  and  k. 
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Inasmuch  as  k  depends  on  the  mass  ratio  of  the  fluid  and  plate,  i.e., 
for  the  given  structure  it  is  a  constant  factor,  then  all  further 
conclusions  will  pertain  only  to  the  change  of  parameter  p. 

2.  The  natural  frequency  of  plates,  which  do  not  have  free 
edges  in  a  direction  transverse  to  the  flow,  decreases  with  the 
increase  of  parameter  p. 

With  respect  to  plates  having  a  free  edge,  it  is  necessary  to 
note  the  following.  Experiments  in  the  su.udy  of  free  vibrations  of 
pipelines  allowed  us  to  establish  that  the  natural  frequency  of 
cantilever  pipelines  do  not  change  (within  the  limits  of  accuracy  of 
the  experiment)  upon  increasing  the  speed  of  the  fluid  flowing  from 
them,  in  spite  of  the  predicted  drop  of  natural  frequency  as  calcu¬ 
lated.  Therefore,  also  for  plates  with  a  free  edge  it  is  not  necessary 
to  expect  a  noticeable  change  of  natural  frequency  with  the  increase 
of  the  speed  of  flow.  In  any  case  this  conclusion  needs  an  experi¬ 
mental  check,, 

Let  ua  note  also  that  in  pipelines  with  both  secured  edges,  the 
change  of  natural  frequency  found  in  the  experiments,  with  the  increase 
of  the  speed  of  flow,  well  agreed  with  the  calculation  data. 

The  mass  flow  renders  a  damping  action  on  the  vibration  of 
plates  with  a  free  edge  in  a  direction  transverse  to  the  flow.  The 
magnitude  of  damping  increases  with  the  increase  of  parameter  p. 

Upon  the  achievement  of  a  certain  value  p,  the  damping  increases  so 
much  that  the  free  vibration©  become  impossible  (the  frequency  becomes 
equal  to  zero).  As  shown  by  experiments  with  cantilever-secured 
pipelines,  the  transition  from  the  periodic  motion  of  a  pipe  to 
aperiodic  (motion  at  zero  frequency)  with  the  increase  of  speed  of 
flow  occurs  at  a  constant  natural  frequency  of  vibration©  of  the 
system.  Evidently,  an  analogous  phenomenon  also  occurs  in  plates. 
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If  there  is  no  free  edge  in  the  plate,  there  will  be  no  damping 
of  vibrations. 

4.  A  constant  mass  flow  may  cause  a  loss  in  the  stability  of  a 
plate.  Using  the  terminology  of  V.  V,  Bolotin  [4],  this  type  of  loss 
of  stability  for  plates  with  a  free  edge  pertains  to  the  "vibratory” 
type.  In  the  remaining  plates  there  will  occur  a  loss  of  stability 
of  the  "static"  type.  The  boundaries  of  the  regions  of  stability 
are  established  by  means  of  the  application  of  the  Hurwitz  method  to 
a  characteristic  equation  of  the  form  (22). 

In  view  of  the  limited  volume  of  thi3  article,  this  part  of  the 
work  is  not  represented. 
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EDGE  EFFECT  DURING  THE  JOINT  ACTION  OF  AXIAL  AND  RADIAL 
PRESSURE  FOR  ANISOTROPIC  CIRCULAR  CYLINDRICAL  SHELLS 


D.  Ye.  Lipovskiy 

Deflrltlons  of  Cyrillic  Items 

H  *  inlt  -  Initial 
r  «  r  -  radial 
n  ■  e  -  elaBtic 
Kp  «  crlt  -  critical 
B  »  up  -  upper 
opT  »  ort  -  orthotropic 
■  fr  ■  frame 
Kr/cM  »  kg/cm 

This  article  considers  the  case  of  axially  symmetric  loading 
of  anisotropic  circular  cylindrical  shells  by  transverse  pressure 
and  axial  forces. 

As  it  is  known,  the  state  of  strain  for  such  type  of  loading 
carries  the  character  of  an  edge  effect,  since  it  quickly  becomes 
momentless  with  the  removal  from  the  place  of  perturbation  (sites 
of  transverse  ribs,  intermittent  change  of  cross  section  of  shell, 
and  others) . 


The  edge  effect  in  the  case  of  the  action  of  radial  pressure  is 
the  subject  of  extensive  literature  (for  instance,  [ij,  [|?J,  and 
others).  In  [2]  the  edge  effect  is  examined  by  taking  into  account 
the  axial  forces,  which,  as  will.be  shown,  essentially  affect  the 
character  of  the  state  of  strain.  This  work  is  a  development  of  [2], 

1.  Differential  Equation  of  the  Problem  and  its  Solution 

Let  us  consider  an  anisotropic  shell  that  is  loaded  uniformly 
on  its  perimeter  by  axial  forces  a  5  and  transverse  pressure  p  (Fig. 
1) .  We  shall  consider  extension  for  ox  and  internal  pressure  for  p 
as  positive. 


Fig.  i. 


The  character  of  anisotropy  depenas  on  the  angle  ip  between 
directions  of  fibers,  from  which  the  shell  is  made,  and  its  generatrices. 

For  multilayer  shells  with  crossing  layers,  we  assume  the  equality  of 

r 

angles  ip  with  respect  to  absolute  value  for  different  layers  and 
symmetry  with  respect  to  the  middle  surface. 

Angle  ip  affects  the  magnitude  of  the  constants  a^^  in  the 
generalized  equations  of  elasticity 

*»  »  ( ^0  £ 
T  —  «« 9,  +  Oj,9t  4-  <*33^, 
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where  e  „  and  a  are  the  relative  strain  and  normal  stress  in  cross 
x  x  sections  of  the  shell, 

and  are  the  same  magnitudes  for  longitudinal  sections, 

7  and  t  are  the  relative  shear  strain  and  tangential  stress. 

Inasmuch  as  under  an  axially  symmetric  load  t  *  0,  we  shall 

write  out  only  the  expression  for  a^,  ai2i  and  a22 


In  equation  (2)  and  E^  and  correspondingly  are  the  elastic 
moduli  and  Poisson  ratios  in  the  direction  of  the  fibers  and 


perpendicular  to  them,  and  G  is  the  shear  modulus. 

A  differential  equation  of  the  problem  will  be  obtained  by  the 
variational  method.  We  shall  use  this  relationship: 

We  shall  write  the  expression  for  potential  energy  of  a  unit  of 
length  of  a  shell  that  has  Initial  deflection  0  and  radial 

displacement  wQ 

r  “  ^  II C?" +  S  *’  )  +  ^  [t  <  o  •  ®-.  o)  +  ( 35 ) 

1  i  -  . 

-f  •jjj — P&Q  I  KCf, 

where  x  -  -  w"  Is  the  change  of  curvature  of  the  shell  in  the 

direction  of  axis  x, 

Dx  -  — —  is  the  cylindrical  rigidity, 

r"  ""  "l  — fits  C°*4*  +  £j  $l°4*  +  2I£,h  +  20(1  ”  l‘.l1t)l*inH  cos,^f 

In  (?),  the  first  three  terms  represent  the  energy  of  internal 
stresses,  and  the  second  two,  the  potential  of  the  external  load. 
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In  the  brackets,  the  first  term  expresses  the  work  of  axial  forces 

If 

a  5  on  the  change  of  curvature  wn  in  tnc  p-csence  of  the  initial 
deflection. 

Placing  the  expressions  of  the  magnitv a-.: a  in  (J>)  through  Wq, 
and  applying  an  Euler  equation  of  a  variational  problem,  we  will 
obtain: 


w'n 


IV  #  ,  :  1  f  .  H»-  if  .1  /  i  \ 

’• -s®»+-^57”,"“oA',+ xrf  ■  tw-\  (“j 

The  roots  of  the  characteristic  equation  for  ( -4 )  are  generally 
complex 


*  =  ±  (“  ±  ?:), 


where 


/ Wx^o- +  it)- 


(5) 


2  Dx 

The  solution  of  equation  (4)  can  be  presented  in  the  form  of 

where  Wq  is  the  radial  displacement  for  shell  which  does  not  have 
deflection, 

w®  is  the  elastic  radial  displacement  caused  by  the  initial 
deflection. 

When  p  -  const  or  with  the  linear  dependence  of  p  on  x,  we  have: 
<uo=  c ,  sh «x-cos ?x  +  c3ch  ax-cos ?x  +  c3ch ax-sin ?x  + 


+  c*sh ax-sin  ?x  +  (p  +  ^ 


(6) 


In  particular,  if 

•O 

J]  fH,m  sin— 

«-« 

where  f,  , .  „  is  the  peak  value  of  the  initial  deflection  for  the 
init.m  c 

m-th  harmonic, 

under  bc’indary  conditions 


r-0 

x-l 


0, 
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then 


where 


(7) 

(8) 


The  minimum  value  of  (8)  is  the  upper  critical  stress  during 
axial  compression! 


It  takes  place  when 


4_ 

R  * 


3.<6  *_ 

Vtt  *  ' 


In  the  particular  case  of  an  orthotropic  shell.,  when  ip 


(9) 


(10) 
0,  and 


«a-7T-  ftnd  Ar 

£t 

instead  of  (9)  and  (10),  we  obtain 


_ JPjV _ 


and 


=W~ 


~  /  ~  l 

y  3(1 


(10') 


where  the  x  subscripts  pertain  to  cross  sections,  and  the  q>  subscripts 
refer  to  longitudinal  sections. 

Formula  (9)  can  be  reduced  to  the  form  of 

<,  - 

where 


^(♦> 


cos« » -f  T  »ln<  H  ?  +  2^  (1  -  tin* 4>-cos»  & 

coe*!  +  +  (y-  2|»i^j  ^•ln,<f"COj*<}i 


Figure  2  shows  the  construction  of  a  graph  of  F(V')  for  certain 
values  of  t)  and  4,  from  which  it  is  clear  that  in  a  wide  range  of 
values  of  elasticity  parameters  (E^,  E^,  G) ,  the  values  of  F(ip)  art: 
greater  that.  01  re  whet.  -v"  r  o  and  f  '/  90°.  Thus,  the  critical  stresses 
of  tin-  axially  symmetric  form  of  stability  loss  in  anisotropic  shells 
are  always  lower  than  in  orthotropic  shells.  They  approximate 
acrlt  or"  with  the  growth  of  the  ratios  of  elastic  moduli  r\  and  4. 

After  obtaining  the  dependence  of  the  elastic  radial  displacement 
on  x,  it  is  possible  by  known  relationships  to  find  the  stresses  in 
the  transverse  and  longitudinal  sections. 

2 *  Certain  Solutions  for  Edge  Effect  near 
Ela stlc  and  Rigid  Frames 

The  solutions  of  (4)  are  simplified  for  strain  that  is  symmetric 
with  respect  to  the  middle  of  a  shell  and  for  shells  of  comparatively 
great  length. 

In  the  first  case,  after  selecting  the  origin  of  coordinates  in 

the  plane  of  symmetry  of  the  shell,  the  solution  can  be  written: 

w0  =  c, shew  strip*  + 

4-  cs  ch  nx  •  c  os  Bx  4  (11 ) 

In  the  second  case,  considering  the  shell  as  being  semi-infinite, 
we  will  obtain 

®u  =  r“  (c,  sin  p*4 cos  3*) 4  ^  12) 

+  w„ 

where  wr  is  the  particular  solution  of  equation  (4), 

The  constants  of  integration  c^  and  c^  are  determined  from  the 
boundary  conditions.  In  the  case  of  placing  elastic  frames,  one  of 
the  conditions  is  the  equality  of  radial  displacements  of  the  shell 

(i?) 


r 

u 


0 


and  frame 


where  wfr  »  =^4 —  Qfr  is  the  radial  displacement  of  the  frame. 


« 

Q_  ,  -  rr-~  +o  5w  0  is  the  transverse  force  in  the  region  of  the 
12  x  x  frame  (its  radial  load), 

is  the  area  of  cross  section  of  the  frame. 

Condition  (13)#  after  substitution  of  wfr,  obtains  the  form  of 

(«■) 


where 


<*/)«  ’ 


The  expressions  for  the  constants  of  integration,  which 
correspond  to  solutions  (11)  and  (12)  when  w^  »  const,  are  given  In 

Tables  1  and  2,  where  we  designate: 

SnL/ 2—  sh«Z./2*sin  pL/2,  SltLj2  —  sh«£/3*cot  0£/2, 

L[2  -  cb  « Z72cos  ? £/2,  L/2 -  ch  a  1/2- sin  ?  //2. 

The  case  of  support  on  rigid  frames  corresponds  to 

/■■  — *  oo  or  —  0. 

As  an  example  of  edge  effect,  we  shall  consider  the  determination  of 
additional  force  factors  near  an  elastic  frame  for  a  sufficiently 
long  closed  shell  that  is  loaded  by  manifold  pressure  p.  After 
mentally  dismembering  the  shell  (Fig.  3)  >  it  is  possible,  by  dis¬ 
regarding  the  torsional  rigidity  of  the  frame,  to  obtain,  from  the 


conditions  of  compatibility  of  strains, 

*8, 1  ““  **  *«s  “  /?*, 

expressions  for  linear  bending  moment  m  and  transverse  forces  Q, 

X  1 

and  Qg  in  a  section  on  the  frame: 


-  0,3pR* 

/^(*»+t) 

(14) 

|/^!L 

+ !-19  (.<?/)„  y 

(15) 

Qi 

—  —  Q,  —  —  2a m. 
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Table  1  continued 
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Table  2  continued 
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FW 


With  them,  it  ia  easy  to  express 
the  total  stresses  in  the  extreme 
fibers  of  the  shell 


and 


„  PR,6mr 

+1T 


I  f  \  .  D,  &Mx 

**  0  ^  »’  ’ 


■where 


£“-rf^i^+i'  + 


+  V-  2 (tv.  +  2^1  (1  -  n,i*J)l}sina'5»cosH- 

Considering  the  she-1 1  as  being  semi-infinite  with  origin  of 
coordinates  on  the  frame,  it  is  possible  to  use  solution  (12). 
Here 

t  fl£2°x). 


PR 


When  x  »  0 


r  A.  ^  t'n 

+  -7-  [aa  +  2J. 

where,  according  to  Table  2 

£>— A^T,-l,3*’-i'=»'n  +  2*QI 

or  taking  into  account  (15) 


c,~ 


ZV(«*t  ?’)  ' 

Figure  4  shows  the  construction  of  graphs  of  relative  stresses 


**  PR  2» 
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and 


«,  «=  — — 

*  Pkl*- 

At  two  values  of  pressures  p  *  i.96£*10''  K/ui^  and 

p - 1.962- 10s  h/m7. 

In  the  calculation  we  tooks 

f|  =  1.8M010  h  m\  Em,  -2.5510'°  h;m\ 

1  “  7*  “  Ml.  C  =  ~  «=  0,135,  j»,  =  0,15,  =  0,21. 


The  geometric  dimensions  of  the  shell  are  shown  In  Fig.  4. 

As  can  be  seen  from  the  graph,  tne  edge  effect  essentially 
changes  the  state  of  strain,  as  compared  to  the  mowentless  effect. 


Fig.  4. 


This  change  is  especially  signif¬ 
icant  during  the  action  of  external 
pressure  for  angles  ip  in  the  range 
of  20-70°.  At  these  angles,  the 
lowering  of  annular  stresses,  due 
to  the  decrease  of  radial  dis¬ 


placements  w Q  in  the  frame,  is 
overlapped  by  secondary  stresses 
caused  by  the  moment 


For  the  purpose  of  comparison. 


Fig.  4  shows  graphs  of  a  and 


—  in  the  absence  of  axial  force, 

c 


i.e.,  when  there  is  only  radial  pressure.  From  them  it  follows  that 
an  axial  force,  especially  during  compression,  introduces  an  essential 
change  into  the  state  of  strain  of  cross  sections  of  a  shell  and  does 
not  have  a  great  effect  on  the  annular  stresses. 
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The  conducted  investigation  shows  that  from  the  point  of  view 
of  the  edge  effect  and  the  axially  symmetric  form  of  stability  loss, 
orthotropic  shells  are  more  appropriale,  where  the  directions  of  the 
principal  curvatures  coincide  with  the  principal  axes  of  elasticity. 

3.  Damping  of  Edge  Effect 

Reference  [3]  gives  the  wavelength 

l~4,9V& 

for  the  case  of  axially  symmetric  transverse  loading  of  a  shell  and 
makes  the  conclusion  that  for  sufficiently  thin  shells  the  state  of 
strain,  caused  by  edge  effect,  quickly  disappears  with  the  removal 
from  places  of  perturbation.  Analogous  conclusions  are  made  in  [1] 
on  the  basis  of  the  analysis  of  roots  of  characteristic  equations. 

However,  in  the  case  of  joint  action  of  transverse  pressure  and 
axial  forces,  the  above-indicated  length  l  does  not  characterize  the 
propagation  distance  of  the  edge  effect.  Here,  both  the  wavelength 
along  the  generatrices,  and  also  the  degree  of  damping,  essentially 
depend  on  the  magnitudes  and  directions  of  the  action  of  axial  forces 
and  the  character  of  anisotropy  of  the  shell. 

Actually,  in  accordance  with  (5),  the  wavelength  is 


/ 

•u  — 


2s 


2« 


For  orthotropic  shells  — 

to- 


2k 


(16) 


(17) 


■P 


In  a  particular  case  of  an  isotropic  shell,  from  (16)  and  (17) 
it  follows  for  jjl  -  0.3* 
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H  1 

V 


As  can  be  seen  from  the  given  formulae,  the  wavelength  is 
increased  with  the  growth  of  positive  values  of  ax  and  when  ox 
it  envelopes  the  entire  shell. 


crit 


Damping  of  perturbations,  as  may  be  seen  from  (12),  depends  on 
coefficient  a.  For  instance,  length  Q,  where  wQ  constitutes  0.01 
of  the  value  at  the  edge,  can  be  determined  from  the  condition 

from  which  we  obtain* 


for  anisotropic  shells  — 


for  orthotropic  ~ 


In  a  particular  case  of  isotropic  shells  when  p.  *  0»j5, 


A,  •  3,6 . 


+  it 


Length  l ^  Q  grows  with  the  Increase  of  negative  (l*e«,  compressing) 
values  of  and  when  ax  -*■  the  perturbation  from  the  edge 

effect  practically  does  not  attenuate. 

Thus,  during  the  action  of  significant  tensile  forces,  strains 
from  edge  effect  are  obtained  with  a  great  wavelength,  but  with 
quickly  attenuating  amplitude.  And,  conversely,  in  the  case  of 
essential  compressing  axial  loads  along  the  shell,  there  are  obtained 
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short ,  but  slowly  attenuating  waves  of  strain.  The 
of  frames  during  the  calculation  of  edge  effect  can 
if  the  distance  between  them  is  greater  than  2 
the  edge  effect  at  every  frame  can  be  considered  as 
shell . 


mutual  merging 
be  disregarded. 

In  this  case 
for  a  semi-infinite 
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APPLICATION  OF  THE  METHOD  OF  ASYMPTOTIC  INTEGRATION  TO 
PROBLEMS  OF  VIBRATIONS  OF  SHELLS  OF  REVOLUTION  WHICH 
ARE  SIMILAR  IN  FORM  TO  SPHERICAL  SHELLS 

R.  L.  Malkina 

The  solution  of  certain  problems  of  free  vibrations  of  shells 
of  revolution  of  positive  curvature  is  expoundedj  the  asymptotic 
method  of  integration  of  differential  equations,  developed  by  A.  L. 
Gol'denveyzer  [1],  [2],  [J>] ,  is  used. 

§  1.  Equations  of  Free  Vibrations  of  an  Arbitrary 
Shell  -with,  a  Large'  Index  of  Variability 

Experience  shows  that  the  free  vibrations  of  shells  correspond 
to  the  multiwave  character  of  strains.  Due  to  this,  the  equation 
of  frequencies  and  the  approximate  form  of  vibrations  can  be  found 
by  means  of  integration  of  the  equations  offered  by  V.  Z.  Vlasov  [4] 
for  sloping  sheila: 


AA*  —  £AA*«  —  0,  A,?  +  DAlw  +  Q, 

g  di 5 


(1.1) 
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Here  w  is  the  radial  displacement, 

9  is  the  function  of  streBseB, 
h  is  the  thickness  of  the  shell, 

D  is  the  cylindrical  rigidity, 
y/g  is  the  density  of  the  material, 
cl  and  [3  are  the  curvilinear  coordinates  of  the  middle  surface, 
A  and  B  are  the  Laml  parameters, 

R^  and  R^  are  the  main  radii  of  curvature. 

The  equations  (1.1)  can,  under  certain  circumstances,  he 
obtained  from  the  general  theory  of  shells  without  the  assumption 
that  the  shell  is  sloping.  In  [1],  [2],  and  [5]  it  is  shown  that 
with  the  help  of  equations  (l.i)  it  is  possible  to  approximately 
construct  the  atate  of  strain  of  shellB  when  their  variability  is 
sufficiently  great.  Therefore,  following  A.  L.  Gol* denveyzer,  we 
shall  subsequently  call  (1.1)  equations  with  a  large  index  of 
variability. 


In  the  case  of  an  arbitrary  shell  of  revolution,  referred  to 
geographic  coordinates  (Fig.  1),  in  equations  (1.1)  it  is  necessary 
to  put  A  =  R^,  B  -  R^  sin  a.  They  they  will  take  on  the  form: 


AA?  —  Eh\w  —  0,  At^p  +  DAAw  +  —  ==  0, 

A==_l_sin-»ar£/^LslLl  +  jL)], 

R,R-  L«ta  V  Rt  djJ^df\R,»ln*  &}  )\' 

1  r  A  - A  «  a  *  1  i 

\  = - i - I  —  JL. \  +  JLf — ! JL\  . 

|_di  \  Ri  dr)  d }  \#jSin«  d)  )  J 


(1.2) 


Equations  (1.2)  are  correct  when  the  index  of  variability  is 
positive.  If  t  -  -jp  then  they  are  correct  with  an  accuracy  up  to 
terms  of  the  order  h*,  as  compared  to  unity,  h*  designates  the 


small  parameter: 
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The  points  that  are  close  to  a  «  0,  where  the  equations  have 


peculiarities , 


i*r  ITT  V> 

-A.  -A.  -A.  KJ 


excluded  from  consideration. 


Fig.  1. 


§  2.  Vibrations  of  a  Spherical  Shell 


We  shall  present  the  function  of  stresses  cp  and  radial  displace 
ment  w  in  the  form: 

f(«.  P,  t)  ««  T  (*,  ?)  cos  •/,  w  (*,  ?,  /)  =  «(«.  P)cos»/.  (£.1) 
Here  cs  is  the  frequency  of  natural  vibrations. 

Considering  -  R2  ■  R  In  (1.2),  and  excluding  function  q>,  we 
will  obtain  the  equation  of  vibrations  of  a  spherical  shell* 


wrere 


DAAAw  +  (^T  ~~P7')  Aw  “*  0. 


P 


yt'H 


**»lne  U  (S<fl  *  di)  +  sin* 


(2.2) 


Let  us  consider  a  section  of  a  spherical  shell,  which  is  limited 
by  parallels  a  «  and  a  »  Og.  In  this  case,  all  displacements  will 
be  functions  of  angle  fi  of  period  2tt.  The  solution  of  (2.2)  will  be 

found  in  the  form  of 


•  <«.  M—  £  *«(*)cos  mp. 

st-ai  .* 


(2.5) 
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Placing  (2.?)  in  (2.2),  we  will  obtains 


(m-0.  1.  2,  ...), 

b'  -  a*~*  (J£SL  -  A  *♦’ - — - . 

\  g£  J  12(1  —  •**)  R* 

2 


(2. 4) 

(2.5) 


Here  and  subsequently  we  shall  consider  b  »  1,  i.e.,  we  shall 
exclude  from  consideration  the  vibrations  whose  frequency  exactly  or 
approximately  satisfies  this  equationi 


T»V?’ 


-1-0. 


(2.6) 


We  shall  designate  Aw  -  w*.  Then  (2.Jl)  will  be  reduced  to  the 
following: 

(a)  —  b*  W*m  (a)  =  0. 

/a  «=  ■£—  +  clga  — - £-V  (2.7) 

\  *«'  *  da  sin'aj  V  ' 


For  the  given  value  of  m  equation  (2.7)  1b  broken  up  into  two, 
each  which  can  be  presented  in  the  form  of 

«•"+ t»*'clg« - -  «•  +  («  +  l*nw*  —  0.  (2.8) 

In  order  to  obtain  the  first  or  second  equation,  it  is  necessary 
to  put  accordingly  n  -  n,,  or  n  -  n^i 

*,(«,  +  !)  =  b\  n3(n3  +  I)—  -  b\  (2.9) 

2 

Parameter  b  is  great  as  compared  to  unity;  therefore,  with  the 
same  degree  of  accuracy  with  which  the  calculations  are  conducted, 
it  Is  possible  to  takei 

*»  +-J-*.  *a+y~iA.  (2.10) 

The  general  solution  of  (2.8)  is  expressed  by  this  formula: 


clm  P? (cos  a)  +  Q"(cos  «).  (2.11) 

Here  P^(cob  a),  Q^(cos  a)  are  generalized  acsociated  Legendre 
functions  of  the  first  and  second  kind  [5]> 
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are  integration  constants. 


c„  and  c„ 
im  2m 

Consequently,  the  general  solution  of  equation  (2,6)  for  a 

certain  specifically  given  m  has  the  form  of 

•CM  "■  cimp*.  (cos  «)  +  fj_  Qr.  (cos «)  + 


+  cam  Pfi  (cos  *)  +  C4,  Q*  (cos  a). 


(2.12) 


Let  us  consider  vibrations  of  a  shell,  in  which  there  will  form 
more  waves  along  the  meridian  than  along  the  parallel,  i.e.. 

As  it  is  known  [5]»  functions  F^,  can  be  expanded  in  series 
with  respect  to  parameters  m  and  n.  Under  the  conditions 


a  »  «.  •<■<(«  —  •),  <)<•<  —  , 

o 


(2.13) 

retaining  the  main  terms  in  these  series,  we  will  obtain  asymptotic 
formulas! 


i 

.T 


(2.14) 


(2.15) 


pj,  to. .)-(*- o .or  (r,7-v„,..)  «•» (f + *• + t)  • 

1 

05  (co..)-  (» -  o.sr  +  *•  +  =) 

_i_ 

p:,  (co.  .)  -  (0.5  -  »r  (,77^7-)  ’  .In  (i  +  /*.  +  J)  . 

JL 

(cos *> " <0'5  “ (iii-w»;) ’  co*(t  +  «-  +  7)  • 

We  shall  put  (2.14)  and  (2.15)  in  (2.12).  Taking  into  account 
that  w*  is  real,  after  certain  transformations  we  obtain! 

_  j_ 

•‘-(sin*)  1  (clw  sin  A*  -f  cJm  cos  k*  +  c^sh  In  +  c4„  ch  ln\  (2,16) 

(m— 0,  i,  x, ...). 

Let  us  consider  the  case  of  axially  symmetric  vibrations  in 

which  waves  are  formed  only  along  the  meridians.  Considering  m  «  0, 

or  in  the  operator  of  (2.2)  -Jjj-  **  0,  instead  of  (2.4)  and  (2.7)  we 

have  following  the  initial  equations 

IkMw  (■)  —  *4Aw(a)  =  0,  (2.17) 

AAv*(a)  -  *V  (*)  -  0,  (2.18) 

where  +  w--Aw. 


rfi* 
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1 


s 

f. 

t 


The  asymptotic  solution  of  equation  (2.18)  will  he: 

1 

«*(a)  —  (sln«)  ’  (c,  sin  bi  -f  r2cos  b*  +  r3sh  b*  +  c4  ch  b*).  (2.19) 

In  the  following  paragraph  we  shall  show  that  solutions  (2.i6)  and 
(2.19)  can  he  obtained  by  the  general  method  of  asymptotic  integration 
whose  advantages  consist  in  its  comparative  simplicity  and  universality. 

§  3 •  Application  of  the  Method  of  Asymptotic  Integration 
to  tne  Er'o'b'le'iiP'of  Vibrations  'of  a  Spherical  'Shell 


The  essence  of  the  method  of  asymptotic  Integration  will  he 
considered  in  an  example  of  integration  of  equation  (2.2) ,  which.  If 
we  introduce  the  designation  Aw  ■  w*,  can  be  presented  in  the  following 
manner: 

(1  -/>**)»•  +  A*1!  (»*}«=  0. 

where 


WR' 

ge 


^ 4  -  dir  [£(*'"■£) 


+ 


The  solution  of  (3.1) 


1  1 

sin  1 

will  be  found  in  the  form  of 


(j.i) 


IP  («.  p).  (?.2) 

Here  f(a,  8) ,  W*(ct,  p)  are  the  sought  functions,  whereby  f(a,  P) 
is  called  the  function  of  variability,  and  W*(a,  p)  is  the  function 
of  intensity:  k  Is  a  constant  which  is  connected  with  h*  by  the 
relationship 


* 


A*  —  • 


on  v/ o  «« 

r  **ii  * 


>  ■  ■  -  / 


where  x  is  the  Index  of  variability  of  the  sought  integral  selected 
by  us.  We  shall  consider  x  >  0,  and  consequently,  k  is  a  large 
number. 

The  function  of  intensity  W*(a,  p)  and  the  sought  frequency  will 
be  expanded  in  asymptotic  series  in  diminishing  powers  of  k.  Then 
the  sought  solution  (3.2)  will  be  presented  in  the  form  of 

••  ^  **/<«.  •  w\  4  *  pi  +  *-' Pi  + ... .  (3.4) 


6G 


where  W*(j  »  0 , 

On  -no  >’■  mo  f  a  r-  V 

**«*»•'  V<  w  *  Ik* 

will  obtaim 


1,  2,..)  are  functions  of  a  and  P,  and  do  not  depend 
Placing  (3.4)  in  (3.i)  and  considering  (3.3) ,  we 


4-  -I 

|i-</^  +  *  X  +...)!< *;  +  *-'  »7  +  ...)  +  k  '■  z.cu^  + 

j-i  »-i 

+  *  [L'W\+  1  [L0Wl  +  Lx  (U^)  +  (3.5) 

+  ^(*P1+  ••  -0. 

Here  Lj(J  ■  2,,..)  are  linear  differential  operators,  and 

M(*),+=fe(*)7-  (5-6) 

We  shall  assign  the  index  of  variability  r.  On  the  selection 
of  t  depends  the  density  of  the  nodal  lines  and  the  frequency  of 
natural  vibrations. 

Reference  [3]  shows  that  for  shells  of  positive  curvature  the 
frequency  of  natural  vibrations  with  the  growth  of  t  is  not  increased, 
while  r  <  0.5  and  Increases  when  t  >  0.5. 

We  shall  find  the  frequencies  of  vibrations  corresponding  to 
the  index  of  variability  t  -  0.5,  which  is  called  the  characteristic 
frequency  in  [3]. 

Considering  t  ■  0.5  in  (3.5) »  we  will  require  that  in  the  left 
part  of  the  equations  the  coefficients  become  equal  to  zero  at  all 
powers  of  k.  We  shall  obtain  an  infinite  system  of  equations*  Finding 
of  functions  f(a,  p) ,  W*(a,  p)  (j  -  0,  1,  2,...)  will  be  reduced  to 
a  certain  recurrent  process.  The  function  of  variability  f(a,  p)  is 
always  determined  from  the  first  equation,  which  is  obtained  by 
equating  the  coefficients  to  zero  at  the  highest  power  of  k  in  the 
given  equation.  From  the  remaining  equations  we  shall  consecutively 
determine  W^(j  »  0,  1,  2,...). 

Preserving  the  degree  of  accuracy  of  the  initial  equations  in 
all  calculations,  we  shall  limit  ourselves  in  Beries  (3.4)  to  the 

€7 


first  two  terms  and  to  the  value  of  the  frequency  of  free  vibrations 
in  zero  approximation.  Then,  by  equating  the  coefficients  in  equation 
(3.5)  to  zero  at  the  highest  powers  of  k(k  and  k-  ),  we  obtains 


(/*-—£)■ 


(5.7) 


Integration  of  (3.7)  makes  it  possible  to  express  f(o,  p) 
through  an  unknown  frequency  to.  Putting  f(a,  P)  and  W0(ct,  p)  in 
(3.^)>  and  satisfying  the  boundary  conditions  of  the  problem,  we  can 
obtain  the  equation  of  frequencies. 

We  shall  show  the  application  of  the  method  of  asymptotic 
integration  in  an  example  of  vibrations  of  a  section  of  a  spherical 
shell  that  Is  limited  by  parallels  a  =  a^,  a  «  (§  2). 

Let  us  first  consider  axially  symmetric  vibrations  in  which  the 
index  of  variability  is  great  in  the  meridional  direction  and  is  equal 
to  zero  In  the  direction  of  parallel  circles. 

The  solution  of  equation  (2.18)  will  be  found  in  the  form  of 

+  a  •  w7(«)j,  p'^pi  (3.8) 

Substitution  of  (3.8)  in  (2.18)  under  the  condition  of  t  *  0.5 
leads  to  this  equation: 


(i -pI)  (u^;  -h  -p  *° /'4  ^ 

+  (err  +  2 r3Cig  ?)  w~,  -f  -  0. 


(3.9J 


0  -1 

Equating  the  coefficients  to  zero  at  Y.  and  k  ,  for  determination 


of  functions  f(a)  and  y  (a.) ,  we  have 


1  —pi  +/',  =  o, 

(ef2f  +  2 f'3  clga)  ~  0 


(3.10) 


y(a)  =  J  Vp^ "i  da,  w0  =  /'  v(slnx) 
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Taking  into  account  that 

"/ 1  —  -  “=»(«-  V.  */j  —  —  (*  -  «0), 

we  will  obtain:  _  i 

*>•  —  (»ln  *)  T  fc,  sin  ft  (s  —  ag)  +  c%  cos  ^(«~«0)-r 

+  rJsM(«-«,)  +  c4ch0(«-«o)|.  (3.11) 

Solution  (5.11)  coincides  with  (2.19)*  which  was  obtained  earlier. 
By  substituting  (5.11)  in  formula  Aw  -  w**  we  find  the  general 
solution  to  equation  (2.18) 

«  —  »0  (A,  sin  kf  +  A3  cos  kf  +  sh  kf  +  Aa  ch  kf)  +  A.  a  -f  A«,  (3.12) 

where  A. (J  -  1*  2*...)  are  Integration  constanta.  The  last  two  terms 
in  (5.12)  correspond  to  two  multiple  zero  roots  of  the  characteristic 
equation.  It  is  easy  to  show  that  one  of  the  multiple  zero  roots 
must  be  rejected*  otherwise  the  obtained  solution  will  not  satisfy 
the  equations  of  axially  symmetric  vibrations  of  a  spherical  shell: 

~  {«'  +  «clgs+. 2*)-  (1  ->)•'-  0. 

(1  +  *)  <a'  +  *ctg«  +  2»)+  j— 7  (3.13) 

Equations  (5.13)  directly  ensue  from  the  general  theory  of  shells 
with  an  accuracy  up  to  terms  of  the  order  h**  if  we  consider  that 
the  index  of  variability  is  equal  to  half. 

Excluding  displacement  u  from  (3.13)*  which  is  directed  along 
the  meridian,  we  obtain  an  equation  of  the  fifth  order  for  w.  Thus* 
w  will  be  expressed  in  five*  and  u  in  six  constants  of  integration* 
which  corresponds  to  the  number  of  boundary  conditions  and  is  equal 
to  six  with  axially  symmetric  strain. 

By  comparing  (5* 13)  and  (2.2)*  in  which  it  is  necessary  to  take 

»  0*  we  notice  that  inasmuch  as  in  the  considered  case  of  Atp  « 

«  Eh/R(l  -  v)  x  (u*  +  u  cot  a  +  2w)  *  the  second  equation  of  (2.2) 
accurately  coincides  with  the  second  equation  of  (3.13)*  and  the 
first  equation  of  (2.2)  is  one  order  above  the  first  equation  of 
(5.15).  This  explains  the  appearance  of  the  extraneous  root*  and 


after  rejecting  it  we  will  obtain: 

I 

«(a)  — =  (sin  «)  ~^(cx  sin  tn  +  CjCos  b*  4  c3  sh  fr*  +  c«ch  b%)  +  ch.  (3.14) 
We  shall  introduce  a  new  variable  0  «  ^  -  a.  Then  expression 
(3,14)  can  be  presented  in  the  form  of 

_  p 

w  («)  (cos  a)  J  (A,  sin  M  4-  A2  cos  bb  -1  A3sh  +  A4  ch  bf>)+  Ay  (3.15) 
For  tangential  displacement  we  find  the  following  asymptotic 
solution: 


u  «=  —  (cos  ®)  J  (1  +  v)  [—  A,  cos  bQ  4-  A}  sin  4 

+  A3chft«  +  A<shft8|  +  [2  —  /r  ( 1  —  V)J ®  J  +  A6.  (5.16) 

Let  us  turn  to  consideration  of  the  case  when,  during  vibrations, 
waves  are  formed  both  along  the  meridians,  and  also  along  the  parallel 
c ire  lee.  We  shall  find  the  solution  of  equation  (2.7)  in  the  form 
of 


After  substitution  of  (3.15)  in  (2,7) *  and  equating  the 

0  -1 

coefficients  to  zero  with  k  and  k  ,  we  will  obtain: 


pi-'if 


)’-* 

Wr-Sr +  <*.)-;+ 

+  4r  (/'~  uSr)  <  - 0 


m 

K 


(3.18) 


From  the  first  equation  of  (3.18)  we  find  the  expression  for 
the  variability  function  ^ 

T-V? 2 


'w-Kifc*?) *•  *5-*!(^-')- 


and  from  the  second  we  determine  the  function  of  intensity  of  zero 
approximation. 

However,  the  expression  for  the  f(ot),  calculated  according  to 
(3.I9),  and  the  corresponding  equation  of  frequencies,  are  excessively 


*4  - 
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2  p 

awkward.  When  b  »  m  and  angle  a  satisfies  conditions  (2.13), 
solution  (3.17)  will  bei 

*/, - */j  —  4  («  —  *o>.  */i  *4  (a  —  aj. 


§  4.  Examples  of  Composition  of  a  Frequenc: 

for  a  Spherical  feheli 


Equation 


Let  ue  assume  that  a  shell  is  bounded  by  angles  6  «=  ± 6 ^  and 

both  edges  are  secured  equally.  Let  us  consider  the  case  of  axially 
symmetric  vibrations.  They  are  broken  up  into  symmetric  and  anti¬ 
symmetric  with  respect  to  6  «  0.  In  the  case  of  symmetric  vibrations, 
in  formulas  (3.15)  and  (3.16)  it  is  necessary  to  put  A^  «  «  0, 

and  in  the  case  of  antisymmetric,  »  A^  *■  0.  Let  us  assume 

that  both  edges  of  the  shell  are  rigidly  fixed,  i.e.,  the  following 
conditions  must  be  fulfilled i 


*  —  *  0  when  •  ± 

Satisfying  these  conditions  with  the  help  of  (3.15)  and  (3.16), 
we  will  obtain  a  frequency  equation  for  symmetric  vibrations: 


tg  S,4  cth  8,4)  -  2  tg  8,4  th  8,4. 


(4.1) 


sufficiently  thin  shells ,  the  first  term  in  the  numerator  is  small 
as  compared  to  the  second.  In  this  case  the  frequency  equation  is 
simplified! 

cig  v  =  -  i.  •,*“(»-!)*  (n  =0.  1,  2.  ...) 

or 


(4.5) 


In  the  case  of  hinged  support  on  the  edges,  the  radial  dis¬ 


placement  w,  tending  moment  and  normal  force  must  become 

equal  to  zero.  With  the  same  degree  of  accuracy  with  which  we 


obtained  the  final  formulas,  these  conditions  can  be  represented  in 


the  following  wayi 

w  —  w”  =  «'  *■  0  when  #  =  +  V  (4.4) 

Satisfying  conditions  (4.4)  with  the  help  of  (3.15)  and  (3.16), 
we  will  obtain  the  frequency  equation! 


■■  (. -0,1. (4.5) 

§  5 •  Free  VibratlonB  of  Shells  that  Differ  Very  Little 

from  Spherical  Shells 


Let  us  consider  free  vibrations  of  an  arbitrary  shell  of 
revolution  of  positive  curvature.  Let  us  assume  that  the  shell  is 
closed  with  respect  to  the  axis  of  symmetry.  Then  all  displacements 
and  forces  wild,  be  functions  of  angle  6  of  period  2tt,  and  the 
solution  of  equations  (1.2)  can  be  found  In  the  form  of 

w  (*,  ?,  /)  —  w  (a)  cos  cos 

«p(«,  ?.  t)  =  ?(«)cos  /n3cos  (5.1) 

Under  this  condition,  operators  A  and  A.,  which  were  determined 

fv. 

by  expressions  (1.2),  will  take  on  the  form  of 


7? 


A  —  — — ^ - [*—  fp  stn  a  — ^ - 1 

Rfa  tin  «  L  *•  \  t  *in  •  J 

('-£)•  <5-£> 


sin 


Let  us  assume  that  radii  and  R 2  change  so  smoothly  that  in 

formulas  (5.2)  it  is  possible  to  disregard  the  termB  containing 

factors  pVp  and  Then  the  formulas  of  (5.2)  gives 

A-JLfiH  +  cij.JL - -!_y  (5.5) 

Vrf«»  “  <r«  J- 

a4  »  — ! —  +  ctg*~ —  —m— — \ 

/$t  '**  d*  p»ln*«  /  V  Rj 


Hence,  in  the  case  of  axially  symmetric  vibrations,  it  follows 


that 


A-/?rV  (5.4) 

When  m  /  0,  condition  (5.4)  is  fulfilled  only  approximately  due 
to  the  distinction  of  the  last  terms  in  the  formulas  of  (5.5).  Under 
conditions  (5.1)  and  (5.4),  system  (1.2)  is  reduced  to  an  equation 


for  w: 


'kAAw  —  hm  ^  Aw  —  0, 

7 *?•*  ...»  12(1 -.*>*?? 


g£  ' 


(5.5) 


In  comparing  equations  (2.4)  and  (5.5),  let  us  note  that  the 

latter  differs  only  by  the  factor  in  front  of  Aw,  which  contains 

2 

variable  1/p  . 

Equation  (5.5),  just  as  (2.4),  is  easily  solved  by  the  method 
of  asymptotic  integration,  an  account  of  which  is  contained  In  §  5. 
We  find  the  solution  of  equation  (5.5)  again  in  the  form  of  (5.8). 
In  the  case,  for  instance,  of  axially  symmetric  vibrations,  i.e.. 


when  m  =  0,  we  obtain  for  the  function  of  variability  f; 


(5.6) 
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Rejecting  one  of  the  multiple  zero  roots  of  this  equation,  as 
also  for  a  spherical  shell,  we  will  obtain  the  following  solutions 


to  (5.6) j 


A  = 


const. 


(5-7) 


For  calculation  of  the  obtained  integral  it  is  necessary  to  be 
given  the  form  of  the  shell,  i.e.,  the  functions  R^(ct)  and  R2(a). 
Let  us  assume  that  for  a  certain  shell  the  problem  may  be  approxi¬ 
mately  solved  by  replacement  of  and  R0  and  angle  a  by  certain  of 
their  mean  values.  Let  us  assume  that  the  subradical  expression  in 
formula  (5*7)  is  positive.  Then  for  radial  displacement  w  we  will 
find: 


w  (a)  —  (sin  a)  T(e,  sin  kf  +  c,  cos  kf  +  c,  sh  kf  + 
+  c4ch*/)  +  c„ 


i 


(5.8) 


Wnen  -  Rg  “  R#  solution  (5.8)  coincides  with  the  one  earlier 
obtained  (2.11)  for  a  spherical  shell.  Thus,  we  simply  determine  w 
also  when  m  f-  0.  After  w(a)  is  found,  by  formula  (5.8)  we  determine  u 

+  ~ctg«— i  (I  —  *) f- [p’w  —  +  ^1  -f  —  ^  w.  (5.9) 

Formulas  (5.8)  and  (5.9)  allow  us  to  formulate  a  frequency 
equation  by  the  same  method  as  for  a  spherical  shell. 
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CALCULATION  OF  CLOSED  CYLINDRICAL  AND  SLIGHTLY  CONICAL 
SHELLS  WITH  ARBITRARY  CONTOUR  OF  CROSS  SECTION 

N.  A.  Shelomov 


Definitions  of  Cyrillic  Items 

m  ■=  f  «  frame 
mn  »  f  -  frame 

§  1.  Formulation  of  Problem 


Let  us  consider  a  structurally-orthotroplc  semimoment less  shell 
under  the  action  of  an  arbitrary  surface  load,  (In  places  of 
application  of  concentrated  forces  the  shell  is  reinforced  by 
additional  structural  frames  .  ) 

The  problem  concerning  the  state  of  strain  of  such  a  shell  will 
be  solved  by  the  method  of  forces  in  the  form  of  Castigliano1 s 


variationar  principle.  In  thi a  Co.Se  the  calculating 
shell  may  be  based  on  the  following  assumptions  [1], 


^  "  rf  v»n  tw  ^  -f*  +-  Vi  d 

UlUi  ±.  vuv 

[ 4 ] ,  [ 5 ] ,  and 


[o]. 


1,  The  Kirchhoff  —  Love  hypothesis  concerning  straight  normals 
is  valid. 


2.  Moments  (Fig*  1)  are 


(1.1) 


-  76 


Considering  (1.1) >  the  differential  and  Integral  conditions  of 


equilibrium  of  the  shell  can  be  presented  in  the  form  of 


+  -["IT*- r*]+  **-*-o. 


1  <w»i  ±  a  ar, 

B  d*  +  A'  if 


ab—,  +  a—(—  *M-r 

M  *f\B  W  J  L 


~  ~~i-  +  ABY-0, 

K  CP 

r  *b  , 


+  ABZ—  0, 


§iT>'  sj  sdt  i  p  —  o, 

<j)  K  7*1  +  $,)  X  r]  Bd?  +  M  -  0. 


(1.3) 


(i.*0  - 


Here  a  and  P  are  the  orthogonal  curvilinear  coordinates  of  the 

middle  surface  of  the  shell, 

B  -=/,<«) 

“r  —  T-rr  •  jr-rr  are  coefficients  of  first  quadratic  form  and  the 
;  curvature  of  the  middle  surface  of  the  shell 
(Fig.  2), 
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(1.5) 


•1<P)|T.  4  ==- 

f^(a)  -  1  —  for  a  cylinder. 


+  (?)•;<» 


f1<“) 


a 

a. 


X,  Y,  Z 


(1.6) 


for  a  cone. 


T^,  T g >  S  ,  G  g 
P,  M  and  T^,  Si 


are  the  component  of  the  external  surface  of  the 
load, 

are  the  forces  in  the  semimoment less  shell, 

are  the  main  vector  and  moment  of  external  forces 
and  vectors  of  internal  forces  of  the  shell 
in  section  a  -  const, 

r  is  the  vector  radius  of  points  of  the  middle 
surface  of  the  shell  in  section  a  =  const. 

In  virtue  of  (1.6),  in  equations  (1.3)  for  a  cylinder,  the 

members  in  brackets  become  equal  to  zero.  They,  being  small,  as 

compared  with  the  other  terms  of  these  equations,  will  be  disregarded 

subsequently  also  for  the  cone. 

Following  P.  F.  Papkovich,  we  shall  break  down  the  state  of 

strain  of  the  shell  into  main  (equilibrium)  and  secondary  (self- 

balanced)  , 

The  main  state  of  strain  of  the  shell  will  be  considered  found 
by  one  of  the  methods  presented  in  [1],  [7],  and  [8],  Specifically, 
it  can  be  represented  in  the  form  of 
1)  forces  in  the  shell 

77=  77+  7T\ 

SJ-Sr+SV’,  (1.7) 

*  *  #  7j  7^ , 

where  T^,  S^,  Tg  is  a  particular  solution  of  system  (1.3)  when  Gg  « 

“  0  . 

11  “  -  J  *  [tJ  *  ~  ij  B'Yd')d'  ~  ij 


«•  ■* 

7 x=-RZ, 


(1.8) 
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0 


and  forces  and  are  found  from  (1.3)  and  (1,4)  when  Gg 

after  substitution  there  of  (1*7)  and  (1.8); 

2)  forces  in  the  q-th  structural  frame 

JW*  In  .  M*  im  ,  j.  , 

Q«l».  Qf  til  Qf  3m 


(1.9) 


(Mqlf  and  «qlf  are  the  bending  and  twisting  moment s,  the  axial  and 

transverse  forces,  respectively)  are  determined  by  methods  of 

structural  mechanics  in  considering  the  frame  as  a  static  indefinite 

frame  under  the  action  of  external  concentrated  loads  P  ,  P  ,  P 

qx  qyJ  qz 

and  reactions  on  the  part  of  the  shell 

A  T7#  =.  r»(if  +  0.  ?)  -  7-f  <«f  -  0,  ?),  IS*,  -  5«(«t  +  0.  ?)-  sy(af  ~  c.  ?). 

where  a  is  the  coordinate  of  the  q-th  frame* 

q 

The  secondary  state  of  strain  of  the  shell  should  be  the 

solution  of  uniform  systems  (1.3)  and  (1.4). 

System  (1.3)  consists  of  three  equations  for  four  unknown 

8  d  8  3 

functions  T^,  S^,  Tg,  Gg.  Thus,  in  every  point  of  the  middle  surface 
the  semimoment less  shell  is  statically  indefinite  one.  We  take  the 


functional  unknown  as  extraneous; 

(i.io) 

where  a^a)  are  the  sought  functions, 

f^a)  are  determined  by  formulas  (1.6), 

<p.(P)  play  the  role  of  given  functions  that  satisfy  uniform 
1  conditions  (1.4)  and  the  conditions  of  periodicity. 

In  §§  2  and  3  we  shall  show  the  method  of  obtaining  these  functions. 

After  placing  (1.10)  in  (1*3)  when  X  »  Y  »  Z  «  0,  we  will  obtain; 
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tj  tn  .  Mi  (a) 


(1.11) 

o,-  j  »,«/,(.)• ■•SS£>-  . 

M 

By  considering  the  increase  of  forces  AT^  and  AS^  as  an  external 
influence,  we  will  find  the  forces  in  the  structural  frames: 

(1.12) 

Ql„. 

Unknown  functions  ai(a)  are  found  by  means  of  solution  of  a  mixed 
variational  problem. 

Considering  (1.2),  we  shall  write  expressions  for  potential 


(1.12) 


energy  of  the  system: 


+  rf»-.  +  ]  <£|c?|J  • +  V  u, 

JJ  J  J  '  2EK  LJ 


(1.13) 


Here 


K-  +  i£Ji 


vs  lj 
12  *” 


7.(«,M,4  + 


y.4 


•f 


^t^tf  and  Et|1tFf  are  the  flexural^  torsional,  longitudinal,  and  shear 
rigidities  of  the  frame,  respectively. 

In  expanded  form 
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+ j  •  -^=4  * + 


(1.14) 


+  S  “<** -  j  n  *•  £ ia>'  a< )  ] rfa + E  u*ma 

e->  «,  /-i  “ 


The  Euler  —  Poisson  equations 


for  unknown  functions  a^(a)  will  take  on  the  form  of 

*  • 

„  m 

i  —  2,  3,  ... ,  «. 

The  sought  functions  a^a)  have  to  satisfy  also  certain  boundary 


conditions 


”  !■<  si  *  1,  2| ... ,  /, 


(1.16) 


which  are  formulated  depending  upon  the  conditions  of  fastening  of 
the  shell  [1].  [2],  [6], 

With  arbitrary  selection  of  functions  ({^(p),  the  matrix  of 
system  (1.15)  is  complete,  in  consequence  of  which,  the  solution  of 
boundary  value  problem  (1.15)  and  (1.16)  becomes  awkward  and  very 
time-consuming  even  for  sharply  cut-off  series  (1,10).  Such  functions 
qp^P)  can  be  obtained,  however,  which  reduce  the  matrix  of  system 

(1.15)  to  diagonal  form.  In  this  case  the  boundary  value  problem 

(1.15) ,  (1.16)  for  shellB  with  arbitrary  contour  of  cross  section  is 
solved  with  the  same  ease  as  for  shells  with  circular  contour  of 
cross  section.  The  way  to  do  this  is  prompted  by  the  conditions  of 
conversion  into  zero  of  r.ondiagonal  elements  of  the  matrix  of  system 

(1.15) 


f: , .  w- 


§?,  (?)•<?*(»  = 

<f  (?)•♦*(?>  Btd?  -  0,  i  +  k, 

*• 


(1.17) 


where  ^(P)  is  determined  by  formulas  (1.11). 

It  turns  out  that  if  we  construct  a  differential  operator 


(1.18) 


Vu  «  f\J-  •>(?)  -  +  2r.)  —  <i,  4-1.  2 .  «.  j  ~  1,  2.  3.  4. 

where  j  are  the  conditions  of  periodicity  of  functions  cp^(|3)  and 
their  derivatives  cp'^  '(£).,  ve  find  its  solution  (eigenfunctions) , 
then  they  automatically  will  satisfy  the  conditions  of  (1.17). 

§  2 .  Certain  Basic  Properties  of  Solutions  of  Operator  ( 1 . 18) 


1.  Operator  (I. 18),  as  an  even  self-adjoint  operator  with 

p 

D  -  ~  ^1*^-1  “  0  ( [  9  ]  ^  PP*  )f  generates  a  denumerable  set 

of  characteristic  numbers  X^,  which,  starting  from  the  second,  are 
either  single  or  double.  To  this  set  there  corresponds  a  coirplete 
and  orthogonal  system  of  chains  of  eigenfunctions  <pir((3)  (r  is  the 
number  of  the  eigenfunction  in  the  i-th  chain)  with  weight  E^. 
Therefore,  with  arbitrary  r  and  t 

tjrk.  (2.i) 

2.  The  first  chain,  which  corresponds  to  Xi  «*  0,  contains 
three  functions  (Fig.  2) 

fw  '-=8,(P)-sin?=  z(P).  (2.2) 

which  obviously  approximate  the  elementary  state  of  strain  of  the 
shell. 

3.  The  remaining  chains  starting  from  the  second  one,  contain 
either  one  or  two  eigenfunctions. 


) 
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4.  Their  orthogonalization  inside  the  i-th  chain  may  be 


performed  according  to  the  system 


where 


fe 


fn  —  fn  (?)• 

(?)  +  ?«(?), 

(j) 

^  *«<»«»*? 


(2.5) 


after  which,  the  following  is  valid  at  any  ii 

f n  (?)•?«(?) (*?  =  0.  (2,4) 

5.  qpir(P)i  when  all  i  f-  1  and  r  »  1,  2,  satisfy  uniform 
conditions  (1.4)  which  are  equivalent  to  six  scalar  conditions  of 
self-balance: 

<“1.2.3,  (2.5a) 

#li[ifi*«rc+T3r  *)***“ 

<  —  1.2.  (2.5b) 


t 

t  C,jl;(P)dP~0 


(2-5c) 


(conditions  (2.5a)  and  (2.5b)  are  satisfied  in  virtue  of  (2.1)  and 
the  periodicity  of  functions  <p1r(P);  conditions  (2.5c)  are  satisfied 
with  the  appropriate  selection  of  arbitrary  constant  C^) . 

6.  Trigonometric  series  with  arbitrary  constants  ai  and  bi 

«o  •* 

/(?)  “  ~  +  J]  <*;  COS  i)  4-  bt  sin  «? 
m  *-i 

is  the  solution  of  operator  (1.18)  when  •  const.  Eigenvalues 

In  this  case  are  determined  by  the  formula 
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*  1  - 


*? 


i7(i~  —  1),  i  =  l.  2,  3 .  /*. 


(2.(5) 


whereupon  ^  ■  0  ia  a  triple  root  and  the  other  X^  are  double. 

7.  Due  to  the  orthogonality  of  the  eigenfunctions  of  operator 
(1.18),  the  matrix  of  system  (1.15)  become  diagonal: 


12 

^  V  i.rO)  Bid? 

<§)  rl(?)S,4i 


SjM  (1) 

*»* 

■  n 


+ 


«i/{<*> 


*/,(*)  + 


«,/i  («) 


0.  * “  2,  3 .  *,  r-1.  2.  (2.7) 


§  5»  Algorithm  for  the  Calculation  of  Eigenfunctions 

of  Operator  (1.1b) 

After  the  introduction  of  a  new  independent  variable  s  (arc  of 
contour  of  cross  section  of  shell  a  -  «  const)  according  to 


formulas 


ds  —  Btd s  =»  j  Btd$, 

operator  (1.18)  takes  on  the  form  of 


(3-1) 


V*.  —  ~  +  2 p)  =  0. 

i  —  l,  2, ,  n,  m  «  1,2,  3,  4. 


(5.2) 


Here  2p  is  the  perimeter  of  cross  section  of  the  shell.  For 
determining  the  eigenfunctions  operator  (5.2)  it  is  possible  to  use 
the  method  of  series  approximations  [10],  In  this  case,  the  calcu¬ 
lation  of  the  n-th  approximation  of  X^  and  cp^n  is  carried  out 
according  to  the  system. 

1.  Determination  of  auxiliary  function: 

/fc(*)-|r(J,  (5.5) 
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2.  Calculation  of  X.  t 

i,  n 


~  ds  —  [ (j)/,, , ($)-fk (s)  da  jj  T 


(3.4) 


3-  Finding  qp^ ^  n(s)  t 


i- 1 

(*)»*(«)  ^ajj .  (5.5) 

The  eigenfunctions  obtained  will  be  standardized  and  mutually 
orthogonal. 

The  iterative  process,  (3-3)-(3.5) ,  starts  from  the  calculation 

of  the  second  chain  of  eigenfunctions  of  operator  (3.2),  since  for 

the  first  chain  (function  (2.2))  they  are  already  known.  Function 

fio(s)  is  designated  in  such  a  way,  so  that  the  zero  approximation 

of  eigenfunction  <p10(s),  calculated  by  formula  (3.5),  is  different 

than  identical  zero.  As  fiQ(s),  It  is  convenient  to  take  sin^- 

3? 

for  the  first  eigenfunction  of  the  i-th  chain,  and  cos-i^  for  the 

P 

second.  In  the  course  of  the  calculation  of  and  ^(s),  all  the 
earlier  found  ®^(s)(k  *1-1)  are  used.  Transition  to  the  calcu¬ 
lation  of  the  following  eigenfunction  is  carried  out  automatically 
upon  achievement  of  the  given  approximation.  As  a  criterion  for 
that,  it  is  convenient  to  take  the  inequality 

<«,  (3.6) 

“i.  * 

where  e  is  a  given  small  number. 

The  generalized  Green  function  T^s,  <•)  of  operator  (3.2),  which 
is  necessary  for  the  calculation  of  fin(s),  can  be  constructed  by  the 
method  given  in  [10]  and  [11]  in  such  a  manner  that 


J  t<>.  9 


*„  («)</«  —  0,  r-  1,  2.  3, 


(5.7) 
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where  qp^  (s)  is  equal  to  y(s)jr  z(s)  and  1,  respectively. 

Therefore,  the  process  (3-3)  ~(3.5)  can  he  begun  directly  from 
the  determination  of  and  the  second  chain  of  the  eigenfunctions 
(§  2).  Let  us  give  the  final  form  cf  r(s,  £) ,  which  we  constructed 
for  a  shell  with  arbitrary  contour  of  cross  sections: 


f  [s,  "  j]  " 

a— I 

_,;(s)+ +yy  Vi-D'  + 

'  fa  (0)  - 1,  (2/>)f  foljLjjLi  /»«/** 

+  |-5(-iy^(«)  So < s < i, 

l  0 


(5.8) 


Here 


W‘-  n.  a.  f  =  ^  n,  (S)  ■  Ttn  (s)  •  f  (s)  ds, 


H,  (j)  ■=  •  (*), 

.%(*)  —  y(s), 

%(f)  *=  z(s). 


!*(*)— t.  ‘ 

d»  =  \z  (j)  -y'  (s)  -  y  («)  ■  (s)j  ds, 

<  <S)  —  ’ll  (*)  —JJ  ~”u  (s): 


*=2 


(5-9) 


YOZ  are  the  main  central  anes  of  cross  section  of  the  shell. 

As  can  be  seen  from  (3.8)  and  (3.9) >  Green’s  function  contains 
only  the  functions  y(s),  z(s),  i,  and  o>(s),  which  are  known  to  the 
calculator. 

§  4 .  Realisation  of  Algorithm  (3. 3) -(3.5) 

By  algorithm  (3.3) -(3.5)  we  composed  and  set  up  a  program  for 
the  electronic  computer  (EC)  Ural-2  which  makes  it  possible  to 
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calculate  X^  and  qpi(s)  for  shells  with  an  arbitrary  closed  contour 
of  cross  section,  which  is  given  in  tables. 

We  made  up  tables  of  x^  and  qp^s)  for  different  shells,  including 
one  for  a  wing-type  shell  (RAF-34,  10#  with  rear  wall  70.5#).  The 
tables  contain  128  values  of  function  qp^(s)  through  equal  intervals 
of  As  - 


A  check  showed  that  the  functions  9i(s)  are  close  to  orthonormal 

^  9?(i)  ds  -n  ±  1  •  l(Tr, 

I  (j)  ¥ i  (*)  ¥ *  (*)  *  |  <  0,5  •  ip-*. 


(4.1) 


and  the  relative  error  of  calculation  of  X^  does  not  exceed  the 
magnitude 


*i  <  0,005. 


(4.2) 


§  5 .  Application  of  Functions  qp^(s)  to  the  Strength 

Analysis  of  Shells 

Reference  literature  contains  the  vast  experience  of  the 
analysis  of  semimoment less  circular  shells  [i],  [2],  and  [3] ,  for 
which  a  closed  solution  was  obtained  in  infinite  trigonometric 
series. 

Due  to  the  presence  of  the  algorithm  for  calculating  ^(s)  all 
of  this  experience  is  carried  over  to  the  calculation  of  shells 
with  arbitrary  contour  of  cross  section,  since  the  trigonometric 
functions  are  a  particular  case  of  qp^(s)*  The  property  of  orthogonality 
of  qp^(s)  allows  us  to  construct  a  process  for  calculating  the  state 
of  strain  of  a  shell  with  controlled  error  e^,  which  is  suitable  for 
a  computer.  This  reduces  to  the  consecutive  determination  of  inde¬ 
pendent  i-th  states  of  strain  of  a  shell  with  subsequent  summation. 

The  latter  remains  on  that  stage,  when  the  given  accuracy  [e]  is 
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attained.  A  block-diagram  of  this  process  is  represented  in  Fig.  2* 


Block- diagram 


Fig.  3. 


Conclusions 

i.  By  means  of  isolating  function  f1(a)  (1.6)  from  the  first 
quadratic  shell  form,  we  found  a  single  solution  for  cylindrical  and 
slightly  conical  shells. 


.  88 


2.  We  obtained  and  investigated  a  differential  operator  (1.18) 
that  generates  eigenfunctions  of  a  semimomentless  closed  shell. 

3.  We  constructed  a  generalized  Green  function  (3.8)  which 
makes  it  possible  to  organize  an  iterative  process  (3*3) -(3*5)  for 
calculating  characteristic  numbers  X^  and  functions  cpi(s). 

4.  We  composed  and  set  up  a  program  for  calculating  X^  and 
cp1(s)  for  any  shell  whose  cross  section  can  be  given  tubularly. 

5.  Due  to  the  orthogonality  of  functions  q>^(s),  system  (1.15) 
for  unknown  a^a)  is  div'.ded,  which  significantly  lowers  the  time 
and  effort  of  shell  strength  analysis  and  simultaneously  increases 
its  accuracy. 

6.  The  results  allow  us  effectively  to  use  electronic  computers 
for  mechanization  and  automation  of  strength  analysis  of  semimoment- 
lesa  shells  with  arbitrary  contour  of  cross  section. 
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EXPERIMENTAL  INVESTIGATION  OF  THE  PROPAGATION  OF  FAN 
AND  PAIRED  PLANE  JETS  IN  A  TRANSVERSE  FLOW 

Ye.  V.  Rzhevskiy  and  V.  A.  Kosterln 

Definitions  of  Cyrillic  Items 
m  -  s  -=  slot 

The  work  indices  of  combustion  chambers  of  aviation  gas-turbine 
engines  are  determined  not  only  by  the  regularities  of  the  chemical 
reaction  of  fuel  burning,  but  also  to  a  significant  extent  by  the 
aerodynamic  structure  of  flew  in  the  chamber.  From  this  point  of 
view  the  value  of  the  Investigations  of  aerodynamics  of  combustion 
chambers  of  gas-turbine  engines  can  be  placed  on  a  level  with  the 
investigations  of  aerodynamics  of  compressors  and  turbines. 

Of  much  value  for  an  understanding  of  the  operating  process  in 
gas-turbine  engine  combustion  chambers,  and  also  lor  development  of 
new  methods  of  organization  of  the  process  of  fuel  burning  in  an  air 
flow.  Is  the  investigation  of  complex  jet  streams.  Such  streams 
include  the  propagation  of  fan  and  paired  plane  jets  in  a  transverse 
carrier  flow. 

Fan  and  paired  plane  jets,  which  form  In  the  exhaust  of  gas  from 
a  peripheral  slot  or  two  parallel,  oppositely  oriented,  plane  slots 
(Fig.  1),  differ  from  single  jets  by  their  extreme  "continuity." 


Therefore,  in  the  interaction  with  a  transverse  carrier  flow  they  form 
"shields,"  behind  which,  just  as  behind  poorly-streamlined  bodies, 
there  appear  zones  of  lowered  pressure  with  intense  reverse  currents. 
The  reverse  currents  behind  such  "gas-dynamic  shields"  can  be 
effectively  used  for  flame  stabilization  in  the  combustion  chambers  of 
air-breathing  jet  engines  [1]. 


Fig.  1.  Diagram  of  propagation  fan  and  paired 
plane  Jets  in  a  transverse  flow. 


Available  experimental  and  theoretical  material  on  Jets  that 
spread  in  a  transverse  flow,  presented  in  the  works  of  G.  S.  Shandorov 
[2],  Yu.  V.  Ivanov  [5],  [4],  [5],  [6],  and  G.  N.  Abramovich  [7],  has 
been  accumulated  as  a  result  of  the  investigation  of  single  Jets  of 
different  form  or  their  combination,  the  structure  of  flow  behind 
which  essentially  differs  from  the  one  under  consideration. 

In  connection  with  the  fact  that  the  theoretical  solution  of 
the  problem  [8]  of  calculating  the  trajectories  and  range  of  fan  and 
paired  plane  Jets  in  a  transverse  flow  contains  certain,  in  general 
unknown,  constants  which  consider  the  peculiarities  of  turbulent  flow 
of  a  viscous  gas,  the  decision  was  made  to  conduct  an  experimental 
investigation  of  the  propagation  of  fan  and  paired  plane  jets  in  a 
transverse  flow.  This  work  gives  certain  regularities  of  the 
propagation  of  fan  and  paired  plane  jets  in  free  transverse  flows  and 
those  limited  by  walls. 


Statement  of  the  Investigation 

For  construction  of  a  correct  program  for  carrying  out  tests,  it 
is  necessary  in  the  first  place  to  establish  what  parameters  determine 
the  pattern  of  propagation  of  fan  and  paired  plane  jets  in  a  transverse 
flow. 


During  the  interaction  of  viscous  gas  streams,  one  of  the  char¬ 
acteristic  criteria  is  the  Re  number.  With  sufficient  foundation  one 
may  assume  that  the  considered.  r’..  nomenon  is  self-similar  with  respect 
to  Re  number,  inasmuch  as  experiments  with  jets  in  a  transverse  flow 
were  conducted  in  a  range  of  high  Re  numbers  (1. 50-2. 33* 10  )  which 
were  calculated  according  to  the  speed  and  state  of  the  gas  at  the 
slot  exit  and  according  to  its  width. 

In  [8]  we  find  the  theoretical  obtainment  of  an  equation  for  the 
calculation  of  trajectories  of  fan  and  paired  plane  jets  in  free  and 
limited  transverse  flow. 

On  the  basis  of  the  equations  it  is  possible  to  establish  that 
the  form  of  the  axis  of  fan  and  paired  plane  Jets  in  a  transverse  flow 
depends  on  the  hydrodynamic  parameter  which  constitutes  the  ratio  of 
impact  pressures  of  the  Jet  and  the  transverse  flow  (Fig.  1) 


M* 


*5 


(1) 


where  pv  is  the  density  of  gas  of  the  jet, 

V0  Is  the  Jet  velocity  in  mouth, 

pw  is  the  density  of  gas  of  a  .transverse  undisturbed  flow, 

W0  is  the  average  velocity  of  transverse  undisturbed  flow  with 
respect  to  cross  section; 

and  also  the  geometric  characteristics  of  the  installation: 

a)  width  of  slot  bQ, 

b)  diameter  of  tube  dQ  or  height  of  profile  h^. 


c)  diameter  of  pipe  DQ  or  high  of  plane  channel  Bq, 

d)  angle  of  incidence  of  jet  a. 

Thus,  if  the  geometric  characteristics  of  the  installation  are 
given,  the  form  of  the  jets  in  transverse  flow  -will  depend  only  on 
one  magnitude,  i.e.,  hydrodynamic  parameter  q  .  In  spite  of  the  fact 
that  the  theoretical  solution  of  the  problem  [8]  is  conducted  with  a 
number  simplifying  assumptions  and  contains  unknown  magnitudes,  this 
gave  us  a  basis,  in  the  construction  of  a  test  program,  to  take  q  to 
be  decisive. 

By  means  of  simple  transformations,  equality  (1)  can  be  reduced 
to  the  form  of 


-  pI  *! 

rw  *1 


(2) 
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where  py  is  the  total  pressure  in  front  of  the  slot, 

p  is  the  static  pressure  of  gas  of  the  transverse  flow, 

W 

X  is  the  velocity  coefficient  of  the  jet  at  the  slot  exit, 

X  is  the  velocity  coefficient  of  the  transverse  flow, 
w 

Velocity  coefficient  X  depends  on  the  ratio  of  pressures 

* 

Pv 

— -  and  the  form  of  the  slot  channel.  This  article  investigates 
pw 

convergent  peripheral  and  plane  slots  with  compression  coefficient 
5.0.  With  a  supercritical  drop  of  pressures  the  gas  in  the  convergent 
slots  is  not  completely  expanded.  At  the  slot  ex.it,  the  velocity  in 
the  jet  will  be  equal  to  the  local  speed  of  s.jund  (X  »  1),  and  static 
pressure  will  be  greater  than  static  pressure  in  the  transverse  flow 
(p  >  p  ).  However,  we  know  that  in  such  cases  further  expansion  of 
gas  in  the  jet  up  to  pQ  -  pw  occurs  beyond  the  limits  of  the  nozzle, 
where  the  Jet  velocity  becomes  supersonic  (Xi;  >  1), 

A  question  arises.  How  do  we  calculate  the  hydrodynamic 

34 


parameter  q  with  a  supercritical  drop  of  pressures  in  the  convergent 


slots?  Do  we  calculate  it  according  to  the  parameters  of  the  not  yet 
expanded  gas  at  the  slot  exit,  or  according  to  the  parameters  of  the 
completely  expanded  gas  of  Jets  in  the  flow?  Examples  show  that  TJ 
for  these  two  cases  of  calculation  will  be  different. 

For  an  answer  to  this  question,  on  an  installation,  whose  diagram 
and  description  are  given  below,  we  photographed  colored  fan  Jets  in 
a  free  transverse  flow,  which  were  obtained  at  Identical  values  of 
hydrodynamic  parameter  q^,  but  with  a  different  drop  of  pressures  in 
the  slot  (and  correspondingly  different  velocity  coefficients  X  ). 

For  some  jets  the  pressure  drops  in  the  slots  were  subcritical  and 
for  others,  supercritical.  The  external  boundaries  of  the  fan  Jets 
in  dimensionless  coordinates  • 

D0  °C 

The  jet  boundaries  completely 


and  y^-  are  represented  in  Fig.  2. 
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subsonic  and  supersonic  fan  Jets 
at  identical  q  . 

KEY:  (a)  designation. 

of  full  adiabatic  expansion  of  gas  in  the  Jett 


coincide  if  qy  is  calculated 
according  to  the  parameters  of . 
completely  expanded  gas  with  any 
drop  of  pressures  in  the  slots. 
The  coincidence  of  Jet  boundaries 
gives  us  a  basis  to  consider 
that  the  jet  axes  also  coincide.* 
Therefore,  subsequently  in 
formula  (2)  we  determined  X 


for  magnitude  — —  on  the  assumption 
pw 


-*(**)- 
A  . 


(?) 


♦Additional  experiments  confirmed  that  the  trajectories  of  jet 
axes  measured  by  four-channel  rotary  tubes  at  identical  q  ,  but 
P*  v 


different  ~ »  coincide. 
*w 


_ _  r  y 

Thus,  q.  is  a  function  of  two  magnitudes:  — (X  )  and  X  . 

Pw  w 

Investigations  were  conducted  with  a  change  of  hydrodynamic  parameter 
q  ,  in  a  range  from  8  to  420, 

V 

The  basic  experiments  were  set  up  with  values  of  qy  that  are  the 
most  characteristic  for  combustion  chambers  with  gas-dynamic  flame 
stabilization  (in  a  range  from  14  to  68).  The  limits  of  change  of 
the  ratios  of  velocities,  temperatures,  and  pressures  in  the  jet  and 
in  ‘-.he  transverse  flow  were  selected  taking  into  account  the  technical 
possibilities  of  the  experimental  installation: 

VQ 

1)  rr—  =  3-o  (in  separate  experiments  up  to  13), 

W0 

* 

Tv 

f  )  rmT  =  0.65-1.0, 

W 

* 

v  PV 

3)  =  1. 2-3.1. 

* w 

The  absolute  values  of  velocities  varied  within  the  following 

limits:  Vn  =*  124-406  m/sec,  =  60  m/sec.  The  angle  of  incidence 

U  '  u 

rs 

of  jets  was  assumed  to  be  constant  and  equal  to  90" . 

Description  of  Experimental  In:  la  lie tlon 
and  Method  of  Measurements 

A  diagram  of  th  a  Qxperimental  installation  is  shown  in  Fig.  3. 

The  installation  consists  of  two  ducts  —  high  and  low  pressure  —  and 
the  nozzle  to  be  investigated  with  slot  6.  Air  as  low  pressure,  which 
forms  the  transverse  carrier  flow,  was  moved  by  compressor  1  through 
heat  exchanger  2,  In  which  It  was  heated  by  gases  after  combustion 
chamber  6.  The  flow  rate  of  air  through  the  low-pressure  duct  was 
measured  by  standard  nozzle  18.  Change  of  flow  rate  of  air  and 
correspondingly,  the  velocity  of  the  transverse  flow,  was  attained 


by  flaps  3  and  4,  Air 
of  high  pressure,  which 
forms  the  investigated 
Jet,  proceeded  to  the 
nozzle  from  receiver 
7  through  reducer  9 
and  throttle  cock  10. 
The  flow  rate  air  was 
measured  by  diaphragm 
±9.  Heating  of  the 
high-pressure  air  was 
carried  out  in  electric  heater  8.  Air  pressure  through  the  ducts 
high  and  low  pressure  was  measured  by  piezometers  and  manometers. 

Air  temperature  was  determined  with  the  help  of  thermocouples. 
Measurement  of  velocities  and  pressures  in  the  zone  of  interaction  of 
jets  with  transverse  flow  was  produced  by  a  four-channel  rotary  tube 
16  with  a  diameter  of  3.8  mm  and  fixed  on  coordinator  17. 

Temperature  of  gas  in  the  zone  of  interaction  was  measured  by  a 
chromel-drop  thermocouple  attached  to  the  tube  in  such  a  way  that  the 
joint  of  the  thermocouple  was  near  the  tube  spout.  Thickness  of  wire 
of  the  thermocouple  was  0.4  mm  and  diameter  of  the  joint  was  0.8  mm. 
For  coloring  the  jet  during  the  photographing  there  was  a  device, 
consisting  of  an  atomizer  13,  ejector  12,  and  pneumatic  cutoff  valve 
13.  Coloring  of  jets  was  produced  by  aluminum  dust.  The  Jets  were 
photographed  on  tie  background  of  the  sieve-like  shield  which  made  it 
possible  to  obtain  a  quantitative  dependence  between  coordinates  of 
the  jet  boundaries. 

We  investigated  two  types  of  slots,  i.e.,  peripheral  convergent 


Fig.  3.  Diagram  of  experimental  instal¬ 
lation. 
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slots  having  a  width  of  b^  =  0.6,  0.8,  and  1.12  mm  which  were  made  on 

tubes  with  diameters  of  dQ  =>  21  and  30  mm,  and  paired  plane  slots  with 

a  width  of  “  0.5  mm  which  were  made  on  a  streamlined  profile  with 
a  height  of  h^  -  9  mm.  For  decreasing  air  leakage,  on  the  ends  of  the 
plane  nozzle  we  placed  limiting  washers.  During  tests  in  a  limited 
transverse  flow,  the  nozzle  with  a  peripheral  slot  was  placed  in  a 
cylindrical  pipe  with  a  diameter  of  200  mm.  Correspondingly,  the 
plane  nozzle  was  placed  in  a  175  x  178  mm  rectangular  pipe.  The  walls 

of  the  pipes  had  windows  for  introduction  of  the  measuring  instrument. 

For  photographing  the  colored  jets  In  the  limited  flow  we  made  a  set 
of  pipes  with  transparent  walls. 

Results  of  Experiments 

Trajectories  of  jets.  One  of  the  basic  problems  of  this  inves¬ 
tigation  was  finding  experimental  equations  of  the  trajectories  of 
fan  and  paired  plane  jets  in  free  and  limited  transverse  flows.  As 
the  jet  trajectories  we  conditionally  selected  the  geometric  places 
of  points  of  maximum  velocities  in  the  jets.  In  Figures  4  and  5#  in 
dimensionless  coordinates,  we  have  constructed  the  trajectories  of 
fan  and  paired  plane  jets  in  a  free  transverse  flow  with  different 
values  of  hydrodynamic  parameter  q  .  Introduction  of  dimensionless 
coordinates  all;  ^ed  us  to  generalize,  at  constant  "q  ,  the  trajectories 
of  the  jets  flowing  from  slots  of  different  width  b^  (curves  4.5). 

On  the  other  hand,  from  the  curves  it  is  clear  that  bending  of  the 
axis  of  the  jets  essentially  depends  on  "q  .  The  smaller  q1  i„,  tne 
greater  the  bending  of  the  jets. 

However,  the  same  magnitude  of  qv  may  be  obtained  at  different 
temperatures  of  the  jet  and  transverse  flow.  In  order  to  compare 


36 


the  propagation  of  hot  and  cold  jets  in  the  free  transverse  flow,  we 


photographed  the  external  boundaries  of  fan  jets  with  different  ratios 


Fig.  4.  Trajectories  of  fan  jets 
when  a  -  9°°.  Solid  lines  signify 
the  trajectories  obtained  with 
equatior  '4). 

KEYi  (c;  'curve  number;  (b)  designa¬ 
tion. 


Fig.  5.  Trajectories  of  paired  plane  jets  when 
a  **  90°.  Solid  lines  signify  the  trajectories 
obtained  with  equation  (5). 

KEY:  (a)  curve  number;  (b)  designation. 
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From  the  curves  of  Fig. 
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Fig.  C.  Comparison  of  external 
boundaries  of  Isothermal  and  non- 
isothermal  fan  jets  at  Identical  "q^ , 
FEY:  (a)  curve  number;  (b)  desig¬ 

nation. 


0,  it  is  clear  that  the 
external  boundaries,  and 
consequently  also  the  axes  of 
the  fan  jets,  plotted  at 


different  — ,  but  at  constant 
T 

w 

q  ,  coincide.  Yu.  V.  Ivanov 
[3],  [6]  end  G.  S.  Shandrov 
[2]  conducted  a  similar 
experiment  on  single  circular 
and  plant  jets  in  a  wider 


range  of  change  of  temperatures.  They  established  that  bending  of 


tile  axis. 


:f  the  jets  does  not  depend  on  the  tem^eratu^ 


the  gar 


in  the  jet  and  in  the  flow  if  treatment  of  the  results  of  experiments 
is  ;  rodueed  according  to  hydrodynamic  parameter  c[v  which  considers  the 
change  in  density  of  the  gas  of  the  jet  and  flow  depending  upon 
tem; rature . 

Earlier  it.  was  shown  (Fig.  2)  that  the  boundaries  and  trajector'e 

of  the  jets  also  coincide  at  identical  calculated  with  respect  to 

parameters  of  a  completely  adlahatically  expanded  gas  in  a  jet, 

independently  of  the  actual  conditions  of  expansion  of  the  gas  in  the 

P* 

slot  ana  on  the  fact  that  at  any  pressure  ratios  — —  and  velocity 

_ 

coefficients  X  ,  this  magnitude  of  is  obtained. 

Consequently,  the  basic  parameter  that  determines  the  form  of 
the  axis  of  the  fan  and  paired  plane  jets  in  free  transverse  flows 
and  those  limited  by  walls  with  the  given  geometric  characteristics  of 
the  installation  is  hydrodynamic  parameter  q  . 


As  a  result  of  treatment  of  experimental  data,  in  logarithmic 


coordinates  we  obtained  the  following  experimental  equation  of 
trajectories  of  fan  Jets  spreading  in  a  free  transverse  flow  at  an 


(4) 


angle  of  attack  a  -  90  in  the  range  of  change  of  q  ■  14-65: 

f  “ 0,024  (if  s™- 

Correspondingly,  the  trajectory  equation  of  paired  plane  Jets 
developed  in  a  free  transverse  flow  at  a  -  90°  and  with  a  change  of 
q,  »  10.5-66  has  the  form  of 

Analysis  of  the  trajectories  of  fan  and  paired  plane  jets  in  a 
limited  transverse  flow,  constructed  in  dimensionless  coordinates 


•r—  and  shows  that  the  form  of  the  jet  axis.  Just  as  in  a  free 

Do  Do 

transverse  flow,  essentially  depends  on  the  magnitude  of  qv. 

A  comparison  of  the  trajectories  of  jets  at  identical  values 
of  determining  parameter  qv  In  free  and  limited  flows  shows  that 
bending  of  Jets  in  flows  limited  by  walls  is  greater  (Fig.  7).  The 
distinction  in  jet  trajectories  is  explained  by  the  fact  that  fan 
ar.d  paired  plane  jets  In  a  limited  transverse  flow,  in  forming  a 
"shield,"  they  cover  part  of  the  passage  section  of  the  channel. 

As  a  result,  the  velocity  of  the  carrier  flow  in  this  place  is 
increased.  In  turn  the  increase  of  velocity,  and  consequently  also 
Impact  pressure,  increases  bending  of  the  fan  or  paired  plane  jet  in 
the  transverse  flow.  From  Fig.  7  it  is  also  clear  that  the  distinction 
in  trajectories  of  fan  jets  decreases  with  the  decrease  of  q  ,  which 
can  be  explained  by  the  decrease  of  the  degree  of  covering  the  channel 
by  the  "dome"  of  the  fan  jet.  With  the  degree  of  covering  the 
channel  5  -  0.18  the  distinction  in  trajectories  of  fan  jets  in  free 


id 


and  limited  flow  ceases  to  be  noticeable. 


Here  and  subsequently  the 


/ "'i  £*  rr  > » c± 

'  ‘  wO-  ^ 


by  the 
c  enter 


n  nrr  £•»  H  r>  a  n 

V  V. .4.  _l_  X  igtj  W  -U  U  ^  CJ 


jet  in  the  channel 
line  of  the  jet  to 


ni 


in  transverse  direction 
the  entire  area  of  cross 


+  ^  ^  .  A  ~  -d 

tau  cu  cd  ubbu['icu 

and  taken  on  the 
section  of  the 


channel. 


Experiments  with  fan  lets  in  a  limited  transverse  flow  were 


conducted  with  a  change  of  the  degree 


of  fan  jets  In  free  ana  limited  flows 
KEY:  (a)  free  flow;  (b)  limited  flow 
(c;  designations. 


of  covering  of  the  channel  from 
O.lS  to  0.70  (in  the  range 
of  q  =  14.6-107. 6)  and  with 
paired  plane  jets  from 
0. 22  to  0.56  (with  q  = 

-  14.7-109.6). 

As  a  result  of  treatment 
of  experimental  data  we 
obtained  an  equation  for 
calculation  of  the  trajectorie 
of  fan  jets  in  a  limited  flow 
when  a  -  90°: 


(6) 


For  ;  cii red  plane  jets  in  a  limited  transverse  i'Iow  the  trajectory 
equation  has  the  form  of; 


(7) 


Range  of  jets,  be  shall  introduce,  for  estimating  the  range  of 
a  far.  jet  in  a  transverse,  the  concept  of  the  hydraulic  dome-  diameter, 

i.e.,  D  (Fig.  1)  which  may  be  expressed  as 

D  ~  d*  +  2£>, 

or  in  relative  magnitudes 


D-d0+  2Dt, 


(8) 
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—  0 

dr.  =»  r—  Is  the  relative  diameter  of  the  tube  on  which  a  peripheral 
D0  slot  is  made, 

~  L1 

D.  -  t—  is  the  range  of  a  branch  of  the  fan  jet,  referred  to  the  width 
D0  of  the  slot  b^. 

The  range  of  a  branch  of  the  fan  jet  is  defined  as  the  distance 
from  the  mouth  of  the  jet  in  the  direction  of  axis  y  to  a  point  on  the 
axis  in  which  the  projection  of  the  axial  velocity  on  axis  y  (Vm  e os  cp ) 

is  equal  to  zero,  i.e.,  when  the  jet  axis  becomes  parallel  to  axis  x. 

Figure  8  gives  graphs  of  the  change  of  the  projection  of  axial 

velocity  of  the  fan  Jet  in  a  free  transverse  flow  on  axis  y  depending 

upon  relative  coordinate  at  different  values  of  determining 
_  0 

parameter  q  .  After  treatment  of  experimental  data  taken  from  the 
graph,  in  logarithmic  coordinates,  and  substitution  in  (8),  we  obtain 
the  following  equation  for  determination  of  the  hydraulic  dome  diameter 
of  the  fan  jet  in  a  free  transverse  flow  when  a  -  90°: 

:?r?.+ (9) 

We  analogously  obtain  an 
equation  for  calculation  of 
hydraulic  dome  diameter  of  a  fan 
jet  in  a  limited  flow  in  a  range 
from  0.18  to  0.50  (with  cp.  =* 

»  14.2-65.8)  in  the  form  of; 

D-d$+l  8,7^«.  (10) 

The  range  of  paired  plane  Jets  In 
a  transverse  flow  will  be  condi¬ 
tionally  estimated  as  the  "height  of  the  hydraulic  profile"  H  *  nQ  +  2D^ 
(Fig.  1)  or  in  relative  magnitudes 

H-k0  +  2Dl .  (11) 
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Fig.  8.  Change  of  projections  of 
axial  velocities  of  fan  jets  in  a 
free  transverse  flow. 

KEY:  (a)  designations. 
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_  o 

where  hQ  »  —•  is  the  relative  height  of  the  profile  on  which  plane 
D0  slots  are  made, 

D„ 

D.  -  ~  is  the  relative  rang.1  of  one  branch  of  a  paired  plane 
1  Dq 

jet,  counted  off  from  the  mouth  of  the  slot  in  the  direction  of  axis 
y  to  a  point  on  the  axis  in  which  the  Jet  is  parallel  to  axis  x. 
Magnitudes  were  measured  on  the  graph  in  Pig.  9  as  segments  on  the 
axis  of  abscissas.  Treatment  of  the  results  obtained  in  logarithmic 
coordinates  depending  upon  q  and  substitution  in  (11) led  to  the  follow 
ing  equation  for  calculation  of  the  height  of  the  hydraulic  profile  of 
pal  red  plane  jet  in  a  free  transverse  flow  when  a  »  90  : 

7/=A0  +  24,8^7*.  (12) 

We  analogously  obtain  an  equation  for  calculation  of  H  of  a  paired 
j.lane  jet  In  a  limited  transverse  flow  in  the  range  of  6  =  0.27-0. ^3 
(when  q  *  22-65.6) 

H  —  h0  +  20,8$*.  (1?) 

It  is  simple  to  establish  (for  instance  with  Fig.  7)  that  the  range  of 
fan  and  paired  plane  jets  in  a  limited  flow  is  less  than  in  a  free 
flow.  The  difference  in  ranges  increases  with  the  Increase  of  the 

degree  of  covering  of  the  channel  l. 

y- 
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Fig.  9.  Change  of  projections  of  axial 
velocities  of  paired  plane  jets  in  a 
dree  fan:  erse  flow. 

KEY:  (a)  designation. 
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Change  of  axial  velocity.  Thus,  just  as  for  circular  and  rectan¬ 
gular  jets  in  a  transverse  flow  [6],  the  change  of  maximum  axial 
velocities  of  fan  and  paired  plane  jets  in  a  transverse  flow  depends 

on  the  relation  of  velocities  (or  relation  of  impact  pressures)  of  the 

vm 

jet  and  flow.  Figure  10  represents  a  graph  of  the  change  of  ~  along 

v0 

the  axis  of  a  fan  jet  in  a  free  flow. 


Fig.  10.  Change  of  relative  velocity 
along  the  axis  of  fan  jets  in  a  free 
transverse  flow. 

KEY:  (a)  designation. 

Here  Vm  is  the  maximum  je+  velocity  in  a  given  section, 

V0  is  the  jet  velocity  at  the  slot  exit.. 

Analogous  curves  are  obtained  for  paired  plane  jets.  From  the  graph 

it  is  clear  that  a  change  in  axial  velocity  occurs  faster  the  smaller 

V0 

the  ratio  of  velocities  rr-  (l.e.,  the  greater  the  relative  velocity 

Wq  0  Wq 

of  the  carrier  flow  sr— ) .  With  larger  —r—  there  occurs  more  intense 

v0  v0 

washout  and  ablation  of  gas  from  the  external  boundaries  of  the  fan 
jet  due  to  the  turbulent  pulsations  of  the  transverse  flow,  which 
also  leads  to  a  more  Intense  drop  in  gas  velocity  on  the  axis  of  the 


jet.  Each  of  the  curves  on  the  graph  tends  to  a  definite  limit  which 
W0 

is  equal  to  rr— . 

V0 
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Analysis  of  Results  ana  Comparison  with 


Tioon  1  + 


,-r  v, 

/  x  r »  i  tv  o  L»  j 


As  already  noted,  fan  and  paired  plane  jets  in  a  transverse  flow 
differ  from  single  circular  ano  plane  jets  by  the  fact  that  behind 
them  there  will  form  a  zone  of  rarefaction  with  intense  reverse 
currents.  Furthermore,  during  expiration  of  jets  into  a  flow  limited 
by  walls,  as  a  result  of  covering  the  ch  mel  we  observe  acceleration 
of  the  external  flow.  Along  with  the  relation  of  impact  pressures 
ana  geometric  characteristics  of  the  Installation,  the  rarefaction  and 
reverse  currents  behino  the  Jets,  and  also  the  local  acceleration  of 
the  external  flow1,  render  an  additional  influence  on  the  trajectories 
and  range s  of  fan  and  paired  plane  jets  in  a  transverse  flow.  There¬ 
fore,  it  is  of  practical  interest  to  establish  the  distinction  of 
trajectories  of  fan  and  plane  jets  from  the  trajectories,  for  instance, 
of  single  plane  jets,  which  was  investigated  in  detail  by  Yu.  V.  Ivanov 

[o]. 


As  a  result  of  treatment  of  experiments  with  subsonic  plane 
ji.tv  In  a  subsonic  transverse  flew  in  the  range  of  q  «  12.5-^00.0, 
Yu.  V.  Ivanov  recommends  the  following  equation  for  calculation  of 


o 

t  ••  trajectory  of  plane  jets  at  a  =  90’  : 


the  coefficient  of  tne  jet  structure  u  =*  O.jO 


we  will  obtain: 

Fig.  11  compares  the  trajectories  of  fan,  paired,  and  single 
plane  jets  In  a  free  transverse  flow  at  identical  'q  .  From  the  graph 
it  is  clear  that  the  trajectory  of  the  fan  jet  is  more  distorted  and 
the  trajectory  of  the  single  plane  jet,  less  than  tne  others.  The 
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large  distortion  of  the  fan  jet  may  be  explained  by  the  large  degree 
of  rarefaction  behind  the  jet  and  by  the  corresponding  large  drop  in 
pressures  acting  on  the  elements  of  the  jet.  From  what  has  been  said 
it  follows  that  the  relative  range  (range  referred  to  width  of  slot) 
of  fan  jets  will  be  less  than  the  range  of  paired  plane  jets  and  all 
the  more  so  of  single  plane  jets. 


Fig.  11.  Comparison  of  trajectories  of  fan, 
paired,  and  single  plane  jets  in  a  free 
transverse  flow  at  identical  values  of 
determining  parameter  -  39-0.  Curve  1  is 

constructed  according  to  Yu.  V.  Ivanov  is 
equation  for  single  plane  jets.  Curve  2  is 
the  paired  plane  jet.  Curve  3  is  the  fan  jet. 


Conclusions 

1.  This  work  experimentally  proves  that  the  trajectories  and 
ranges  of  both  subsonic  and  supersonic  fan  and  paired  plane  jets  in 
a  subsonic  transverse  flow  with  given  geometric  characteristics  of  the 
installation  are  completely  determined  by  the  hydrodynamic  parameter 


qv 


PvVQ 

Pw«o’ 


which  is  calculated  according  to  the  parameters  of  a 


107 


completed  expanded  gas  of  high  pressure. 

2.  It  was  determined  that  for  jets  flowing  at  an  angle  of  90° 

to  the  transverse  flow  with  a  small  supercritical  drop  in  pressures 

* 

Pv 

in  the  slot  (up  to  — —  =  3.1)  it  is  not  necessary  that  the  gas  be 
completely  expanded  in  the  slot  (that  is,  it  is  possible  to  limit 
ourselves  to  a  convergent  peripheral  or  plane  slot).  Additional 
expansion  of  gas  beyond  the  limits  of  the  slot  will  Increase  the 
breakthrough  ability  of  the  jet  in  a  transverse  flow  to  a  magnitude 
that  is  close  to  the  rated  valve  with  full  adiabatic  expansion. 

2.  [3  sic]  experimental  equations  (4),  (5),  (6),  and  (7)  were 
obtained  for  calculation  of  trajectories  of  fan  and  paired  plane  iso¬ 
thermal  and  nonisothermal  turbulent  jets  spreading  in  free  and  limited 
transverse  flows. 

3.  [4  sic]  for  calculation  of  the  jet  range,  experimental  equa¬ 
tions  (9)}  (10),  (12),  and  (13)  are  recommended. 
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METHOD  OF  SUPERSONIC  ANALOGY  FOR  CALCULATION 
OF  ONE-DIMENSIONAL  NON- STATIONARY  GAS  FLOWS 


A,  P.  Pudoveyev 


Definitions  of  Cyrillic  Items 
n  =  p  =  piston 
Kp  »  crit  =  critical 


> 


V  ,  V  ,  — 

p  pt 
GOi  ccrlt  “ 


P'  P0  “ 

k  - 


n  — 


T, 


Designations 

coordinates  of  points  of  flow, 
piston  coordinates, 
coordinate, 
time, 

velocity  of  flow, 
velocity  of  piston, 
local  speeds  of  sound, 
speed  scale, 

pressure  in  flow  and  stagnation  pressure, 
isentroplc  index, 
exponent , 

designation  of  function, 

temperature  in  flow  and  stagnation  temperature. 
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X,  X  —  dimensionless  coordinates  of  points  of 
p  flow  and  piston, 

U,  U  —  dimensionless  velocities  of  points  of  flow 
p  and  piston, 

6  —  angle  of  revolution  of  supersonic  flow, 

6,  6  6  —  angles  tangent  to  the  graph  of  piston 

crit  max  traJectory> 

X  —  velocity  coefficient, 

£  —  variable, 

p,  Pq  —  density  in  flow  and  stagnation  density, 

9  —  angle  of  inclination  of  characteristic  in 
supersonic  flow, 

ti,  ti’n>  ti'i r>  ip  i  +  >  tp  ~~  angles  of  inclination  of  characteristic  in 
u  k  crit  max  non_ stationary  flow, 

n  —  tt  number, 

a  —  coefficient. 

The  general  solution  for  a  one-dimensional  transient  flow  of 
an  ideal  gas  [1]  contains  an  arbitrary  function  of  velocity  f(v)  which 
can  be  comparatively  easily  determined  only  for  simple  boundary  and 
initial  conditions.  Here  we  shall  consider  the  methods  of  solving 
the  boundary  value  problem  with  the  use  of  a  supersonic  analogy  which 
makes  it  possible  to  conduct  calculations  of  non-stationary  flows 
under  more  complicated  boundary  conditions  than  permitted  by  the  known 
methods,  and  also  a  generalized  form  of  the  solution  in  dimensionless 
magnitudes . 

The  analogy  between  transient  flow  in  a  plane  x,  t  (time 
coordinate)  and  supersonic  flow  in  a  physical  plane  x,  y  consists  in 
that  the  potential  equations  for  these  two  forms  of  motion  are 
equations  of  the  hyperbolic  type  [2]  and  consequently,  both  flows  have 
characteristics. 


Ill 


This  analogy  recently  has  been  frequently  used  for  a  qualitative 
analysis  and  graphic  representation  of  various  cases  of  interaction  of 
waves  (both  shock  and  rarefaction  waves)  [3], 

But  on  this  analogy  there  may  also  be  based  the  determination  of 
the  quantitative  aspects,  and  also  the  development  of  a  method  for 
calculation  of  non-stationary  flows. 

We  shall  compare  a  simple  case  of  transient  motion  —  self-similar 
—  the  so-called  centered  flow  with  a  supersonic  flow  around  the 

exterior  of  a  corner  (Prandtl-Meyer 
flow)  (Fig.  1). 

In  the  Prandtl-Meyer  flow  a 
change  in  the  state  of  the  gas 
occurs  on  the  expansion  fan.  The 
parameters  of  the  gas  on  each  of 
the  fan  characteristics  depend  on 
the  angle  of  its  inclination  cp,  in 
particular,  and  the  velocity  coefficient  \  is  determined  by  the 
relationship: 


The  parameters  of  the  gas  can  be  determined  with  the  help  of 
gas-dynamic  functions': 


r 

—  1  -  ? — 1  Jt», 

r. 

*+l 

I 

(\ 

h. 

v  rrr ;  • 

• 

-£.-1 

A 

k  *+i  ) 

The  angle  of  inclination  of  characteristic  cp  is  simply  connected 
with  the  local  flow  angle  of  rotation  5. 


Fig.  1.  a)  Supersonic  flow 
around  a  corner;  b)  centered 
flow. 


112 


The  centered  flow  [4]  constitutes  a  wave  of  rarefaction  which 
appears  In  the  gas  during  motion  of  a  piston  with  constant  velocity 


VP  ■  const.  On  each  of  the  characteristic  lines  £  -  ^  -  const  the 
parameters  of  the  gas  are  constant.  The  basic  relationships  for  a 
self-similar  flow  are 


v. 


•  c, 

ihic~c^ 


(1) 

(2) 


where  cQ  is  the  speed  of  sound  for  a  motionless  gas. 

By  analogy  with  the  Prandtl-Meyer  flow  we  will  establish  a 
connection  for  the  centered  flow  between  the  angle  of  inclination  of 
characteristic  ip  and  the  parameters  of  the  state  of  the  gas  on  it. 

For  determination  of  angle  ip  we  will  introduce  into  consideration 
the  distance,  which  proportional  to  time,  while  the  proportionality 
factor  —  speed  c"  —  remains  indefinite.  Then  (Fig.  1) 

(3) 

whence,  %  -  tanT  and  from  C1) 

c-l  —  «  —  v. 

Placing  the  obtained  expression  of  c  in  (2),  after  transformations 


we  have: 


Selecting 


c  ^  Cm 


we  will  finally  obtain  the  expression  of  velocity: 


The  limits  of  change  of  angle  ip i 


w 

(5) 
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1)  *-0.  tg+o-1, 

2)  „-c„  =  _-JLc0t  tg^p-oo, 

—  co<  • 


3) 


V  *»  Taai 

Using  (5)  and  the  expression  for  critical  speed,  we  shall  establish 
a  relationship  between  the  velocity  coefficient  X  and  the  angle  of 
inclination  of  the  characteristic  ip: 

1 


l  - 


lg  i> 


(6) 


Converting  dependence  (2)  and  using  the  isentropic  relationship, 
we  will  obtain  the  expressions  of  gas-dynamic  functions  for  calculation 
of  non-stationary  gas  flows: 


2* 


1-*— 

1*.  X./ 

fx-k- -h' 

^  JL=f 

1  _ 

r.  V 

*  +  i  J 

H  ' 

<  *  +  l  , 

'  ’  Po  \ 

1  777  V  • 

Relationship  (5)  is  a  differential  equation  of  the  trajectories 
of  particles  of  flow  in  plane  x,  t 


/'_J_  __ 

=  -2_C  / 

'JL  _  .X 

tg  i  / 

*  +  l  M 

,  t*  V  ’ 

obtain 

fW, 

(if 

for  t  >  t0. 

wnere 


Xq  is  the  coordinate  of  a  particle  in  undisturbed  gas, 
X0 

t „  =*  —  is  the  moment  of  the  beginning  of  its  motion. 

J  cQ 


Considering  that  tamp^  =*  1,  we  have 


then 


*41 


l»+  IV*  —  t  i nJ 

J 

(8) 
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The  equation  of  trajectories  (8)  also  determlr.es  the  position  of 
a  particle  in  the  moment  of  passage  of  the  rear  boundary  of  the  front 
of  the  rarefaction  wave.  The  particle  in  this  moment  attains  a 
velocity  equal  to  the  velocity  of  the  piston  v  =•  v^j  then  from  (5): 


and 


<• 


*+» 


(9) 


Expressions  (5)  and  (6)  constitute  the  general  solution.  The 
boundary  conditions  are  given  the  law  of  motion  of  the  piston  x  (t) 
or,  the  very  same,  by  angle  0  which  is  the  analog  of  the  angle  of 
rotation  of  supersonic  flow  in  the  Prandtl-Meyer  flow. 

We  shall  establish  a  connection  between  angle  0  and  the  angle 
of  inclination  of  characteristic 

From  Fig.  1,  as  earlier,  we  have 


or,  considering  (4), 

(10) 

* 

The  limits  of  change  of  angle  0: 

1) fn  =  0,  tg«*=0.  »  =  0, 

2) 

3  )  tJ,  -=*  Dan,  tg  —  —  —2-  . 

Inasmuch  as  the  velocity  on  the  final  characteristic  is  equal  to 
the  velocity  of  the  piston  (v  «  v  ),  by  using  dependence  (5)  we  will 
obtain  the  sought  relationship: 

(ii) 


The  coefficient  of  velocity  X  can  be  directly  expressed  through 


Let  us  note  that  with  the  selected  reference  system  angle  0 
and  tan  0  are  negative  magnitudes. 

These  relationships  at  a  constant  velocity  of  piston  motion 
(0  =  const)  make  it  possible  to  determine  the  parameters  of  gas  flow 
as  functions  of  the  magnitude  of  the  angle  of  Inclination  of  the 
characteristic  in  plane  x,  t,  and  in  particular,  to  determine  the 
distribution  of  parameters  on  the  wave  of  rarefaction  (ip^  <  f  <  fg) 
in  an  arbitrary  moment  of  time  t^.  The  position  of  the  point  of  flow 
which  has  definite  values  of  parameters  (ip  =  const)  in  this  moment  of 
time  is  determined  by  the  following  dependence: 

x  =  (13) 

tg* 

The  analogy  between  a  flat  supersonic  flow  around  a  convex  wall 
anc  the  pattern  of  non-statlonary  motion  of  a  gas  with  the  accelerated 
law  of  motion  of  a  piston  (Pig.  2)  allows  us  to  use  the  relationships 
obtained  for  determination  of  gas  parameters  under  arbitrary  boundary 
conditions  up  to  the  appearance  of  a  shock  wave  in  the  flow  (during 
deceleration  of  the  piston). 

Every  point  of  curve  x^(t)  generates  a  characteristic  whose 
angle  of  inclination  is  determined  by  the  value  of  the  piston  velocity 
in  the  corresponding  moment  of  time: 


1  + 


*  +  l 


On  each  of  the  characteristics  the  values  of  the  parameters  of 
flow  are  determined  by  dependences  (5)*  (6),  and  (7). 

A  practically  important  problem  is  the  determination  of  the 
distribution  parameters  along  the  length  of  flow  in  the  considered 
general  case.  This  makes  it  necessary  to  know  through  what  point 
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Equating  the  right  sloes,  we  will  obtain*, 

1  4-  ~  1  1 .  __  *  *'**_  _ 

2  *#  «’*  (*i  —  if 

Thus,  the  solution  may  be  represented  by  a  system  of  equations  [1]: 

,/  +  (/,-  /)(r0  +  J .  ( 15 ) 

®  =*=  t»«r . 

We  shall  convert  the  system  of  equations  (15)  to  dimensionless  form: 


Here  c^t^  is  the  distance  passed  by  the  forward  boundary  of  the  wave 
front  during  the  time  t^. 

We  shall  designate 


then 


(16) 


(17) 

In  the  analytic  assignment  of  the  law  of  piston  motion  from 
dependence  (17)  we  may  exclude  time,  and  the  solution  obtains  the 
most  generalized  form. 

Let  us  assume,  for  instance,  that  the  piston  velocity  may  be 
represented  by  an  exponential  function 


then 


-af. 


Xm - 

»  +  l  *4-1 


in  dimensionless  magnitudes: 


x  „._L  -!l  _L—_fL  L 

“*  *4-1  c«  4,  *4-1  (, ' 


We  shall  p lace  the  obtained  expression  in  (17): 

x~  1+  i±l  u  -  {1  -  ^[1  -  J*±»)««  +  n  jj  ±. 
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Considering  that 


I 


we  will  finally  obtain: 

*-l+ -**¥*«->  m 

The  form  of  solution  which  is  represented  by  dependence  (18)  is 
very  convenient,  since  for  obtaining  a  dimensionless  law  of  velocity 
distribution  through  the  flow  it  is  sufficient  to  assign  only  the 
dimensionless  value  of  piston  velocity. 

Figure  4  represents  the  results  of  calculations  (k  -  1.4)  of 
velocity  distribution  through  a  flow  under  different  laws  for 
accelerating  Jhe  piston  up  to  a  velocity  of  v  ,  i.e.,  until 
separation  of  flow  from  the  piston.  Direction  and  speed  of  the  wave 
are  considered  positive. 

Inasmuch  as  in  most  cases  vp  <  c q,  this  part  of  the  graph  is 
represented  in  Fig.  5  in  a  bigger  scale. 
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OPTIMUM  COMPRESSION  IN  THE  COMPRESSOR  OF  A  DUCTED-FAN 
TURBOJET  ENGINE  WITH  AN  AFTERBURNER 


A  TPM 

CK 

C 

K 

BOB 
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H 

BX 

T 

KC 

CM 

B 

r 

M 

Tn 

rr 


Ye.  D.  Sten'kin 

Definitions  of  Cyrillic  Items 

DTJEA  *  Ducted-Fan  Turbojet  Engine  with  Afterburner. 

dh  -  dynamic  head, 
n  -  nozzle. 

c  =*  compressor. 

ees  »  effect  of  exhaust  system, 
f  -  flight, 
e  -  external  medium. 

In  «  inlet, 
t  =  turbine. 

cc  *  combustion  chamber. 

af  »  afterburner. 

mix  =*  mixing. 

a  *  air. 

g  *  gas. 

m  -  mechanical. 

fu  -  fuel. 

uound  —  boundary. 


m 


I 

i 


13 "  — 

b  t.  - 

benind  the  turbine 

nji  - 

c  om  » 

c  ample  te . 

Hn  > 

inc  om 

-  incomplete. 

0XJ1  - 

cool 

»*  cooling. 

cym  =  corn;  =»  convergent. 

TTy^  «  TJEA  »  Turbojet  Engine  with  Afterburner. 


Designs  t.1  jiv 

DTfEA  —  ducted-fan  turbojet  engine  with  additional  heat  l'eed  (with 
afterburner) , 


r  —  degree  of  Increase  in  pressure  in  compressor  or  degree  of 

decrease  in  pressure  in  turbine  (depending  upon  lower  index), 

y  —  degree  of  double  flow:  ratio  of  flow  rate  of  air  through 
external  duct  to  flow  rate  through  main  duct, 

o  —  coefficient  of  recovery  of  full  pressure, 

—  degree  of  isoentropic  Increase  of  pressure  from  dynamic  head, 

t(  —  efficiency, 

k  —  adiabatic  index. 


enthalpy.  •? — . 

-  “  Kg' 


u 

G 


J 

kg' 
M 

—  mass  flow  rate  of  air  or  gas, 

o  fcr  V 


T  —  temperature,  K, 
P 


H 


pressure, 

m' 


H 


specific  output  pulse  per  second,  ^‘g'^gg'g1  '■> 
reduced  speed. 


cp  —  velocity  coefficient  of  Jet  nozzle. 


gas  constant, 
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hi  - 


0.1-0.1+0..1,  *=£  i^rr 

^1  ^  I ’Jj  I  '  ’•ll  “  II  \  II^JI  •  ♦»»  "*  *g~"  , 

>«  ~  I  **  -I 

•  ^ 

#l  S  J  *  *11  "*  **  II 

1.075  (see  formulas  (21)  and  (25) ), 

* 

parameter  of  influence  of  external  duct  on  tt  t  ..  is 
determined  t>y  formula  (18),  ^ 


2. 


B  —  parameter,  determined  by  formulas  (51)  and  (52), 

S  —  parameter  determined  by  one  of  formulas  (depending  upon 
exhaust  system)  (56),  (57) $  or  (58), 

* 

—  parameter  of  effect  of  exhaust  system  on  tt  T„.t  is  determined 
55  by  formula  (HO),  clopt 

' —  flight  Mach  number, 


Subscripts: 

e 

in 

1 

II 

c 

t 

cc 

2 
af 

1.  2,  5,  4,  5 
mix 
a 
g 


Indices 

external  medium, 
inlet, 

main  duct  (where  this  subscript  is  obviously 
omitted) , 

external  duct, 

compressor, 

turbine, 

combustion  chamber, 

coefficient  of  completeness  of  fuel  combustion, 
afterburner, 

sections  through  gas-air  duct  (Fig.  1), 

mixing  parameter, 

air, 

gas. 


>;  -  total, 

ni  --  mechanical, 

t'u  —  I’uel, 

bound  —  boundary, 

bl  -*  diffuser  behind  turbine, 

com  — ■ •  complete  expansion  in  ,jet  nozzle, 

incom  ~  incomplete  expansion  in  jet  nocole  (in  main 
or  external,  indicated  by  second  index), 

cool  —  cooling, 

opt  —  optimum, 

ees  —  effect  of  exhaust,  system, 
conr  —  parameter  with  convergent  Jet  nozzle. 
Superscript: 

*  —  parameter  of  isentropic  stagnation. 


In  the 
(PTJEA),  of 


Introduction 

designing  of  a  ducted-fan  turbojet  engine 
essential  ’•s1”e  Is  the  degree  of  increase 


the  main  duct  tt  t  which  determines  its 
c  I 

extent.  Presently,  the  optimum  values 


ef fee  tivene  as 


of 


v c  I  opt 


with  afterburner 
of  pressure  in 
to  a  significant 
found  by  means 


of  conducting  a  number  of  thermodynamic  calculations  with  different 

*  * 
j  whose  analysis,  from  the  point  of  view  of  the  influence  of  71  j 

* 

on  the  main  engine  parameters,  leads  to  tt  t  .  .  This  method  is 

c  j.  op  X 

awkward;  therefore  it  is  desirable  to  have  analytic  dependences  of 


’c  j  0pt  on  parameters  of  the  DTJEA  cycle  similar  to  the  ones  that  a 


TJEA  has  ([1],  p.  181),  for  example. 

Here,  of  course,  one  should  remember  that  the  selection  of 
optimum  parameters  of  a  specific  engine  will  demand  a  number  of 
calculations  with  rc  j  near  vQ  jQpt,  on  the  basis  of  which,  irc  j 
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Is  definltized.  The  selection  of  77  „  r  is  also  influenced  by  the 


c  i  opt 


weight  requirements  for  the  engine  In  unrated  conditions.  At  the 

* 

same  time,  analytic  values  of  vc  allow  us  to  conduct  the  most 

# 

effective  comparison  of  different  types  of  engines.  vr  j  f  will  be 
determined  in  accordance  with  the  DTJEA  diagram  shown  in  Fig.  1,  The 
distinction  between  this  diagram  and  the  possible  structural  DTJEA 
diagrams  is  not  essential  from  the  point  of  view  of  the  determination 


of  v 


c  I  opt* 

As  it  is  known,  DTJEA' s  are  possible  with  mixing  and  without 


mixing  of  gas  flows  inside  the  engine. 

* 

In  accordance  with  this  division,  7; c  j.  Q^t  will  be  determined 
below.  Lot  us  assume  that  the  adiabatic  exponent  is  constant  and 
equal  to: 

a)  in  the  process  of  compression  —  k  , 

b)  in  the  process  of  expansion  *-  Y  . 


?  j  ?  «.  ;•» 


r-0> 


Fig.  i. 


i  *> 


DTJEA  with  Mixing  of  Flows 
* 

We  shall  show  that  ir^j  t ,  which  correspond  to  maximum  specific 
thrust  and  minimum  specific  expenditure  of  fuel,  practically  coincide. 
We  shall  consider  the  formula  for  determination  of  total  fuel 


consumption  G. 
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s 


In  accordance  with  [1]  (pp.  116-121)  and  [?]  (formula  (1.36))  we 
have,  for  G,  v ,  the  expression 

I  U2j 


o 


nj 


’«*  v>  ~  'V 
H'\l 


+ 


(O 


where 


°.c"0.i  +  ^|-O.u, 

J~0.1  +  s.„+  O  *- 


We  shall  make  assumptions  that  ere  close  to  reality: 


I  +  ||  *=  . 

\  i  “  V*  ""  \  • 

Taking  into  account  the  as  -'tions,  we  have  these  expressions: 


(?) 


for  enthalpy  of  mixture 


0,1^  +  G,  I,  i2  II 


“  0.1  +  0.,, 

for  power  balance  of  turbocompressor  — 

u.l 


(3) 


(*) 


Determining  the  difference  i*-i*  from  (4)  and  putting  it,  and  also 

1  ,  ,  from  (3)  into  (1),  we  obtain: 
mix  '  7  '  ' 


a  - 


(6) 


This  formula  shows  that  GT.  v  Is  determined  by  G_v,  temperatures  T*  and 

T*  ,  and  practically,  in  connection  with  the  fact  that  in  the 
af 

conclusion  we  made  assumptions  (2),  does  not  depend  on  the  parameters 
of  the  main  duct,  m*  Tj  and  y. 

Thus,  for  given  T*  ^  in  the  determination  of  optimum  parameters 

af 

of  the  cycle.  Including  ^  I  opt-*  Gful  wil1  remain  practically  constant, 
and  consequently,  to  maximum  specific  thrust  will  correspond  minimum 
specific  fuel  consumption. 
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For  determination  of  v  T  ,  we  shall  consider  known  expressions 

u  x  op  L 

of  specific  pulse  output  per  second. 

a)  with  complete  expansion  in  Jet  nozzle  [1]— 

>-  <n  \  (6.1) 

b)  with  convergent  Jet  nozzle  (if  output  section  has  a  critical 
regime)  [h ]— 

+  +  -L[,  -  (^^6  j)  (6.2) 


From  (6.1)  and  (6.2)  it  follows  that  with  given  T*  the  minimum 
'  af 


value  of 


corresponds  to  the  maximum  value  of  J.  Under  the  given 


conditions  of  flight,  the  J-raaxlma  and  specific  thrust  coincide,  and 

*  * 

maximum  pi  assure  will  correspond  to  them..  Pressure  paf  depends 

on  the  pressures  in  the  miscible  gas  flux  and  on  the  degree  of 
preheating  in  the  afterburner  or  the  afterburner-mixing  chamber. 

At  given  T*  and  T*~,  p*-  does  not  depend  very  much  on  the  degree 

X  fil  SI 

of  preheating  and  we  shall  disregard  this  dependence.  We  shall  also 
consider  that  the  losses  in  pressures,  which  are  connected  with  the 
heat  feed,  are  limited. 

In  [2]  it  is  shown  that  mixing  is  the  most,  effective  with  close 
magnitudes  of  full  pressures  of  Initial  flows.  In  accordance  with 
this  conclusion  we  shall  assume  that  in  §  5  (Pig.  1)  we  have  an 


equality: 


-ft 

Pressure  p  ,  can  be  expressed  through  p  in  the  following  manner: 

(8) 

On  the  inlet  to  the  afterburner-mixing  chamber a,  as  generally  in 
af terburners,  the  X  numbers  are  usually  small  (X  «■  0.2-0. 3),  which  will 
determine  small  losses  of  pressure  due  to  mixing,  the  change  of  which 
.in  the  determination  of  tt*  ^  o  can  be  completely  disregarded.  Thus, 
when  T*=»  const  we  will  also  have  o(  .  „  =■  const.  Consequently, 

0.1  UiXX  01 

instead  of  the  maximum  of  p*r  it  is  possible  to  consider  the  maximum 
of  p* ,  which  is  more  convenient.  For  p*  we  obtain  an  expression 
through  the  parameters  of  the  main  duct: 


M  «*  „*  J»  . 
*r  S  “t  II 


(9) 


From  (9)  it  follows  that  for  the  determination  of  I  opt  ^ 
necessary  to  consider  the  extreme  values  of  function 


0 


%  I 


6  • 
*»  i  *»  li 


(10) 


We  shall  differentiate  $  with  respect  to  tt*  we  shall  equate  the 
result  to  zero,  and  after  transformations,  by  considering  the 
limitation  of  tt*  j  ar.d  tt*  ,  we  will  obtain  a  differential  equation: 


i-*: 


—  0. 


(11) 


From  the  condition  of  equality  of  effective  performance  of  compressor 
urbine  I,  and  also  fan  and  turbine  II,  after  transformations. 


we  obtain  formulas  for  tt£  ^  and  tt* 


*r 


* 


II 


1  ~  l“i  (rl 

L  ^i  Tt  \  ii  r» 
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*c 


(12) 


(D5) 


i 


where 


'» ii 


A 


m  A 

’ll!  7» 


(14) 


Proceeding  from  (7)  and  (9),  for  mc  ^  we  obtain: 


•*  Ki 


«  n 


We  shall  determine  derivative 


•il  SiS  it 

a (at;  tt  ) 


(15) 


bn 


which  will  be  demanded 


c  I 


subsequently.  On  the  basis  of  (14),  (15) ,  and  also  (10)  and  (11) , 

we  have; 

We  shall  convert  (11),  using  (12)  and  (13),  and  considering  (16), 


•  + 


ft 


(17) 


where 


1  -  — 


A 


(»!*.-  *) 


i _ *  •  _ri  /,  _ i\  i  *  t  /,  u  i  ^A  ii  1 

l  \  T>  J  L  l|  fj 


(18) 


In  accordance  with  the  structure  of  formula  (18)  Zjj  should  be  called 

* 

the  parameter  of  the  influence  of  the  external  duct  on  nQ  j 

When  y  =  0,  we  have  -  0  (this  follows  from  (14)  and  (18):  in  this 
case  formula  (17)  determines  ttc  ^  for  TJEA). 
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If  we  additionally  take 


— I.  Ttu  T-'-  1  ■  Sf  s .  (If1) 

Then  (17)  coincides  with  the  known  expression  in  [1]  (page  101,  (0,17) 

*  . 

for  ii c  Q  in  TJEA.  Thus,  even  for  T JEA ,  formula  (17;  is  more  genera] 

than  the  one  existing  for  determination  of  r*  since  it  makes  it 

C  O  |  >  u 

possible  to  calculate  the  distinction  of  k  in  processes  of  compression 
and  expansion. 

For  contemporary  turbojet  engines  (slngle-and  double-flow), 
and  also  for  engines  now  bexng  developed,  the  following  magnitudes 
are  characteristic: 


r! 

-or  -  0,2  -  0.5.  m  «  0,85  -  i  ,0.  n,  =-  0.7  -  0,75, 

**  ( 20) 
gT  =  0,97-1,0,  0.88  -  0.91 


We  shall  show,  by  considering  (20),  that  the  magnitude  of  is 
significantly  less  than  the  denominator  of  formula  (17).  This  will 
prove  the  validity  of  the  transformation  of  the  formula  for  determi¬ 
nation  of  tt*  T  .  to  the  form  of  (17).  For  that  it  is  necessary  to 

C  1  Op  u 

determine  tto  jj  ,  In  DTJEA  with  mixing,  as  follows  from  (15),  uc  jj 


-* 

and  ^  are  Interconnected.  We  shall  find  the  expression  for 

r*  TJ  ^  by  using  (12)-(15)  and  introducing  the  following  designation 


(21) 


After  transformations,  we  obtain: 


« iii 


>+/-=■  5---2-V.5- («.*-«' 

^ii  ri ,  T<i  _ ^_a_ _ 

G+S—  4r‘  .op. 

’ll!  Ti 


-  I 


■  1  aft* 


(22) 
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Analysis  shows  that  changes  insignificantly.  i;ei(  for  conditions 
(20)  and  when 

A, *^«,4,  Ar*»l,33,  y  ■» 0,5  —  6,0,  —  0,7  —  0,75, 

0,85  -0.9,  0,97 -0,99,  «ec  -  0,92  -  0,97,  (23) 

.  ..  0,98  - 1,0, 

we  have: 


C,  —  1,06  —  1,10-  (24) 

Proceeding  from  the  structure  of  formula  (22) ,  it  is  possible  to 
take  parameter  as  being  constant  (with  maximum  error  of  determi- 
nation  of  vc  ^  less  than  3$)  and  equal  to 

C,- 1,075.  (25) 

We  shall  determine  Zjj  >~y  proceeding  from  (14),  (17) ,  (18),  and  (25) 
for  conditions  (20)  and  (2>).  After  the  calculations,  we  obtain; 

Su-0-0,2.  (26) 

Thus,  comprises  less  than  8#  of  the  denominator  of  formula 

(17)  and  consequently,  this  proves  the  validity  of  conversion  of 
the  formula  for  ir^  j  ^  to  the  form  of  (17). 

We  simultaneously  arrive  at  this  important  conclusion.  With 

identical  corresponding  parameters  of  cycles,  the  7 r*  j  opt  of  DTJEA 

* 

with  mixing  is  always  smaller  than  the  t  of  TJEA. 


DTJEA  Without  Mixing  of  Flows  (with  Forcing  in  External  Duct) 

Let  us  consider  the  formula  for  total  fuel  consumption 
In  accordance  with  (i),  considering  (4),  and  also  that  secondary  heat 
feed  Is  carried  out  only  in  the  external  duct,  and  making  assumptions 
(2),  we  obtain  the  formula  for  Gfu2: 


On  Z-t+yit-i',) 
1  +y 


(27) 
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From  (27)  It  follows  that  at  T*  .  -  const  and  T*  -  const,  a  change  In 

■fc  * 

tj„  j  will  lead  to  a  change  in  G^^  due  to  the  dependence  of  i^  on 
* 

vc  r 

Consequently,  if  v:e  consider  optimum  71*  j  at  ~  const  and  T*,.  > 

=*  const,  which  correspond  to  maximum  specific  thrust  and  minimum 

specific  fuel  expenditure,  then  they  will  not  coincide.  At  the  same 

time,  the  condition  of  T%  -  const  for  cruising  conditions,  in  which 

one  should  determine  the  optimum  parameters,  is  not  determining  since 

under  these  conditions  there  is  limitation  with  respect  to  T*f,  and 

* 

consequently,  a  change  in  T  ~  is  allowed.  It  Is  necessary  also  to 

fil 

consider  that  DTJEA ’ s  without  mixing  correspond  to  high  y;  therefore 


the  influence  of  v  T  on  G..,  (at  T  ~  -  const)  or  on  T  ^  (when  G„  v 

c  I  i uZ  '  al  '  ai  '  iuz 


=*  const)  will  be  insignificant. 

These  considerations  allow  us  to  more  fully  satisfy  the  require¬ 
ments  presented  to  parametei s  of  the  working  process  of  the  Jet 
engine,  i.e.,  the  thermal  machine  and  propelling  agent  of  a  flight 
vehicle. 

* 

Optimum  parameters,  including  j  opt'  should  ensure; 

1)  maximum  possible  thrust  with  the  given  fuel  consumption, 

2)  minimum  possible  fuel  consumption  for  obtaining  the  given 
thrust . 

It  is  not  difficult  to  be  convinced  that  in  both  cases  tt*  t  + 

c  i  opt 

is  determined  by  the  following  system  of  equations: 

(28) 


ij 

**  0, 

Ki 

=  0. 

Ki 

* 

fuel  consumption  will  coincide. 
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* 


Let  us  consider  the  expressions  of  specific  pulse  output  per 


second: 


a)  with  complete  expansion  in  the  jet  nozzle,  in  accordance  with 
(6.1),  we  have- 

1  ~  ~+yfi \/ K  { \f  r4 [i  -  J  +  ,  {29.1) 

b)  with  a  convergent  Jet  nozzle  in  the  main  duct  (if  in  the 
outlet  section  there  is  a  critical  regime)  in  accordance  with  (6.2) 


we  have: 


'-“TiT  |  /  r< x 


(29.2) 


Expressions  (29.1)  and  (29.2)  are  obtained  under  assumptions  for 
cruising  augmented  ratings  which  are  close  to  reality: 

*"  K  • 

i  it  | 

o.s  -  0,„  ' 

“tli  ”  V 

We  introduce  a  designation: 


(30) 


r - tt-"t 

V-ftT- 


(31) 


Expressions  (29.1)  and  (29.2)  are  applicable  for  typical  DTJEA  systems 
without  mixing  of  flows. 

The  DTJEA  systea  with  convergent  Jet  nozzle  in  both  ducts  for  the 
given  analysis  is  described  by  formula  (29„2)  in  which  magnitude  B 
will  enter  in  the  form  of 


:*r<«nnWI|iiarHiriii  c> HWMXilliWiV  f.-uigl  „  ,_  4 


Subsequent  analysis  will  be  conducted  with  v c  j-j-  -  const,  in 
distinction  from  the  preceding  variant  in  which  l'rora  the  point  ol’ 
view  of  optiraumness  of  mixing  71*  -p  changed  according  to  (19).  The 


condition  of  u 


c  II 


const  does  not  disturb  the  community  of  analysis 


and  is  in  full  conformity  with  the  methods  of  analysis  ol'  functions 
of  many  variables.  Magnitude  B,  when  u*  °  const,  practically  will 


not  change  due  to  the  weak  dependence  01'  T*.,  on  vc  j 


(when  G 


fuZ 


-  const) 


and  consequently,  a  small  change  in  the  thermal  losses  of  full 
pressure  in  the  afterburner  (it  is  also  necessary  to  consider  the 
small  magnitude  of  X  numbers  at  the  chamber  inlet).  Let  us  consider 
dependences  and  p^,  which  are  necessary  for  further  analysis, 
through  the  initial  parameters  of  the  cycle.  Proceeding  from  (9) 
(rejecting  o^t),  (12),  and  (13),  as  a  result  of  transformations  we 
obtain: 


^1  1  *  •  /  «  V 

•i  r» 

(33) 

^  * 

• 

—  =  <*„  «_  .  X 

/.  1 

*r 

ir.-«  a 

„  1  Arrll  1 

*r-l 

|L  ’ll 

<H  Tl  J 

!  31*) 

^1  1 J 

Differentiating  (29.1)  and  (29.2)  with  respect  to  tt*  j,  and  equating 
the  result  to  zero,  after  transformations,  by  considering  condition 
G.  T  =  const  we  obtain  one  (instead  of  two)  generalized  differential 
equation 


*r  C*(b?^ 

*r  -  «  K, 


0, 


(35) 
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VrflG  2’  0 

a)  with  complete  expansion  in  jet  nozzles  — 


b)  with  convergent  nozzle  in  the  main  duct  — 


*r  * 


c)  with  convergent  nozzle  in  both  ducts  (it  is  possible  to  trace 

by  using  (32)  that  equation  (35)  is  also  valid  for  this  case)  — 

$  “  ^(i  +  in  ■■  *" 

*r  *  *  •  *r 


Proceeding  from  (35) >  using  (33)  and  (3^)*  as  e  result  of  transfor¬ 
mations  we  have  the  formula  for  t t*  t  , 

c  I  opt 


(59) 


where 


^1  r3 _ 

»  «  Tt  _  iv_  A7"t  II 

1  —  T*rl  71- I'l  — ir- 

ll  r3  T3 


(40) 


Parameter  Z  considers  the  effect  of  the  type  of  exhaust  system  and 
ees 

therefore  it  is  naturally  called  the  parameter  of  the  exhaust  system 
effect.  In  DTJEA  with  mixing  of  flows  S  »  0,  and  consequently,  Z  - 
=»  0.  Thus,  (39)  is  a  generalized  formula  that  includes,  as  a  particulai 
case,  formula  (17)  and  the  formula  for  the  determination  of  tt*  t  in 
TJEA. 


Further  we  shall  consider  the  order  of  magnitudes  Zgeg  and 
to  prove  the  validity  of  conversion  of  the  formula  for  ^  to  the 

form  of  (39).  Zgeg  contains  parameter  S.  Figures  2-4  give  graphs 
of  S  for  different  types  of  exhaust  systems.  The  order  of  magnitude 
S  can  be  determined  according  to  the  following  considerations.  For 
augmented  cruising  conditions,  which  correspond  to  supersonic  flight. 


the  following  magnitudes  are  characteristic  (see  also  [4]): 


4=1 -1.5, 

J4 

A  =  1.5 -2.0. 

F* 


(41) 
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Ratios  of  -  y  ■  are  given  for  DTJEA  without 

mixing.  Usually  in  (41),  larger  T*f/T^ 

correspond  to  larger  p*f/p^.  For  DTJEA,  just 

as  for  other  types  of  turbojet  engines,  the 
turbocompressor  leads  to  an  essential  improve¬ 
ment  in  the  main  engine  parameters  and  at  the 
contemporary  level  of  gas  temperature  in  front 
of  the  turbine  up  to  Mach  flight  numbers  equal 
to  M  -  2. 5-5.0  [4].  In  this  case,  originating 
from  (54)  and  (59) >  we  obtain? 

4<20.  (*2) 


Convergent  Jet  nozzles  usually  are  applied  up  to  magnitudes  of  the 
pressure  ratio: 

-£<5.  (45) 

Thus,  proceeding  from  Figures  2-4,  and  also  from  formulas  (4l)-(45), 
we  obtain  the  range  of  change  of  S: 


S- -0,05  -  0,10.  (44) 

For  the  purpose  of  obtaining  a  small  specific  gravity  of  DTJEA, 
the  fan  is  usually  made  no  more  than  three-stage  (see,  for  Instance, 
[4]  and  [5])*  i.e.,  we  have: 

— 1.5 -3,0.  (45) 

The  degrees  of  two-flow  ability  vary  within  the  limits  [5]  of 


J  -  0,5  -  2,0.  (46) 

Here,  a  larger  y  corresponds  to  a  smaller  tt*  and  conversely. 
Thus,  we  can  determine  the  magnitude  of  E  .  Proceeding  from  (59)* 
(40),  and  (44),  we  obtain: 

- 0,07-0,15.  (47) 
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In  a  similar  manner,  using  (18)  and  (15)*  we  can  determine 

2„ -0,10  —  0,20.  (48) 

A 

Thus,  the  sum  of  — (S TT  +  S  )  can  constitute  from  5  to  1 5$  of  the 

denominator  of  formula  (39).  This  percent  is  small,  and  consequently; 

formula  (39)  will  he  valid  for  determination  of  tt*  ,  ..  From  a 

'  '  c  I  opt 


From  a 


comparison  of  (17)  and  (39)*  considering  (26),  (47),  and  (48),  there 
follows  a  conclusion. 

With  identical  parameters  of  the  main  duct  the  optimum  value  of 
the  degree  of  increase  in  pressure  in  the  main  duct  of  a  DTJEA  with 
mixing  of  flows  is  always  greater  than  in  a  DTJEA  without  mixing  of 
flows.  The  difference  can  reach  up  to  20$  (for  high  supersonic  speeds 
of  flight). 

Figures  5  and  6  give  graphs  of  v*  j  opt  and  tt*  ^  ^  for  the 

most  characteristic  magnitudes  of  efficiency  and  adiabatic  exponents. 

From  these  figures  it  follows  that  the  double-flow  parameters  render 

*  T3 

an  essential  influence  on  tt c  ^  t.  For  example,  when  ~  -  3.8 

(corresponds  flight  with  T^  »  1500°  abs.in  conditions  of  H  >  11  km, 

M.,  =  2)  the  TJEA  has  tt*  opt  *  11.1;  when  y  *  1  the  DTJEA  with  mixing 


of  gas  flows  has  v 


c  I  opt 


*  11.1;  when  y  -  1  the  DTJEA  with  mixing 
9.5  (v*  n  opt  -  1.95),  and  the  DTJEA 


forced  in  the  external  duct  r*  *  2.3  and  S  «  0.1  (this  magnitude 

corresponds  to  high  degrees  of  forcing)  has  t?*  ^  *  7.6.  Figure 

6  shows  the  influence  of  parameter  S,  which  considers  the  degree  of 

forcing,  and  the  exhaust  diagram.  It  is  clear  that  an  increase  of 

S  (for  instance,  an  increase  of  the  degree  of  forcing)  leads  to  a 

decrease  of  v*  T  .. 

c  I  opt 


When 


3.8  and 


t  II 


0.075,  with  an  increase  of  S  from  S 
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j  <•  J  li 

V 


Fig.  6.  DTJEA  forced  in 
external  duct. 


to  S  =»  0.1,  we  have  a  decrease  of  vQ  j  from  rc  j  Qpt 


Q  to 


I  opt 


Conclusions 


1.  Formulas  are  obtained  for  determining  j  ^  of  DTJEA  with 


mixing  and  DTJEA  without  mixing  of  flows.  For  DTJEA  with  mixing, 
the  formula  for  determining  jj  t  is  simultaneously  obtained. 

The  formulas  can  be  used  in  the  selection  of  optimum  DTJEA  parameters 
especially  if  this  selection  is  produced  with  an  electronic  computer, 
since  the  presence  of  formulas  for  determining  rr*  j  t  sharply  reduces 
the  necessary  number  of  variants,  and  consequently  subsequent  analysis 
v'  results  of  calculation. 
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mixing  has  a  universal  character  and  includes,  as  particular  cases, 
the  formulas  for  tt*  j  ^  of  a  DTJEA  with  mixing  and  for  tt*  of  a 

TJEA . 

5.  Analysis  shows  that  with  identical  corresponding  parameter:' 

,  * 

o*  cycle  ^  are  arranged  by  magnitude  in  decreasing  order  in  the 

following  way:  it*  of  TJEA,  t r*  ^  t  of  DTJEA  with  mixing,  and 

then  ,  .  of  DTJEA  without  mixing  of  flows. 

w  X  Jp  L 

The  difference  between  tt*  .  of'  a  TJEA  and  tt*  ,  ,  of  a  DTJEA 

c  opt  c  I  opt 

with  mixing  can  reach  up  to  25%.  The  difference  between  tt*  j  ^  of  a 

•* 

DTJEA  with  mixing  and  ttc  ^  of  a  DTJEA  without  mixing  can  reach  up 
to  20%.  For  instance,  in  conditions  of  flight  H  >  11  km,  =  2  with 
T*  =  1500°  abs,  a  TJEA  has  tt*  t  =  11.1,  and  when  y  =  1  the  DTJEA 

with  mixing  of  gas  flows  has  tt*  t  Q  t  =  9.5  (tt*  n  =  1.95),  and 

the  DTJEA  forced  in  the  external  duct,  with  it *  ^  =  2.5,  depending 


u: on  the  degree  of  augmentation,  has  w 


C  I  ODt 


=  7.6-9  (with  an  increase 


ir.  one 


degree  of  augmentation,  tt*  ^  t  decreases) 


4.  In  a  DTJEA  with  mixing,  the  effect  of  the  external  duct  on 
r.,  T  ov pleads  to  a  change  of  tt*  ,  ^  within  the  limits  of  25$. 

o .  In  a  DTJEA  without  mixing  of  flows,  tt*  j  will  be  affected 

both  by  the  external  duct  (+-his  influence  changes  tt*  ^  o  within 

the  limits  of  20%)  and  also  the  exhaust  system,  which  can  lead  to 
a  change  of  tt*  ^  t  within  the  limits  of  15$. 
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AN  APPROXIMATE  METHOD  0?  ESTIMATING  GAS -DYNAMIC 
INFLUENCE  ON  A  SUPERSONIC  FLOW 


Z.  G.  Shaykhutdinov 

Definitions  of  Cyrillic  Items 

KP  =  crit  =  critical 

np  =  nor  =  normal 

Btii  =  unidentified  designation 


In  analyzing  uho  available  experimental  works  on  questions  of 
gas-dynamic  influence  on  a  supersonic  flow  [1],  [2],  it  may  be 
concluded  that  a  secondary  gas  blast  v; ill  form  an  obstacle  on  the 
surface  of  an  airfoil  or  nozzle  wall  in  its  main  flow.  At  its 
flowing  around,  as  in  the  case  of  the  flow  around  solid  obstacles, 
in  the  main  flow  th •“>*•?  appears  a  complicated  system  of  shock  waves 
in  'rent  •V  th-..-  l  l.v  ••  •  - :  :  •  r.-.-i  i  The  complicated  con¬ 

figuration  of  the  system  of  shocks  in  front  of  a  slot  is  explained 
:  separation  j‘‘  "h.  1.  s  car;  Laves.  This  depends  on  the  relation- 

.  of  the  :  !-  rr  ■  -v  aclfc  ana  the  thickness  of 


boundary  layer . 
For  the  ramose 


i  ifj.sat:  o; :  of  the  problem  we  shall 
is  re,-  /arc  boundary  layer  effect. 


As 
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the  results  of  [2]  show,  which  under  an  analogous  assumption  considers 
a  theoretical  method  of  estimating  the  action  of  a  solid  obstacle 
(spoiler),  the  latter  is  fully  permissible.  Furthermore,  we  shall 
assume  that  the  flow  is  plane-parallel  and  that  the  blast  is  produced 

from  a  slot  of  infinite  length. 

The  slot  may  be  convergent  or 
divergent  and  the  direction  of  the 
blast  may  be  perpendicular  to  the 
main  flow  or  close  to  perpendicular. 
Then  it  is  possible  to  present  such 
a  model  of  the  interaction  of  flows 
(Fig.  1). 

The  gas  blast  will  form  an 
obstacle  of  rather  complicated 
profile i  at  first  the  secondary 
stream  is  separated  from  the  wall,  and  in  this  zone  there  is  signif¬ 
icant  rarefaction;  further,  downwards  through  the  flow  it  turns 
around  and  again  "adheres"  to  the  wall. 

Around  this  airfoil  In  the  main  flow  In  front  of  the  blast  site 
there  will  form  a  detached  curved  shock  wave,  and  at  the  point  of 
adhesion,  a  completing  shock  wave. 

Behind  the  leading  shock  wave  at  the  wall  the  flow  is  subsonic 
and  its  parameters  are  calculated  from  the  usual  gas-dynamic 
relationships  for  a  normal  shock.  The  Intensity  of  the  wave  upon 
removal  from  the  wall  weakens,  and  in  a  certain  point  B  the  flow 
behind  it  already  becomes  sonic.  By  using  the  assumptions  presented 
in  the  work  of  B.  S.  Vinogradov  and  this  author  [4]  it  is  possible 
to  draw  the  line  of  transition  through  the  speed  of  sound  BA.  Point 
A  corresponds  to  such  a  revolution  of  the  secondary  stream  in  which 


the  angle  of  Inclination  of  the  tangent  to  its  profile  in  this  point 
Is  equal  to  the  critical  angle  of  flow  deviation: 


»p 


artig; 


Aijsin*^  —  I 
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t  '  2  '  J  K»~9!n*«, 


0) 


«p 


Here  is  the  Mach  nubber  of  forward  flow. 


,  is  the  angle  of  the  wave  front,  behind  which  the  speed  of 
flow  becomes  equal  to  the  speed  of  sound, 

k  is  the  adiabatic  exponent. 


Subsequently,  the  region  lying  before  line  BA  will  be  called 
"subsonic,"  and  the  region  behind  it,  "supersonic,"  inasmuch  as 
around  the  profile  of  the  stream  obstacle  the  main  flow  in  this 
place  again  obtains  supersonic  speed. 

Thus,  we  can  consider  that  the  pressure  at  point  L  is  equal  to 

the  static  pressure  behind  a  n  >rnal  sne-'k  ^  ,  and  at  point  C,  to 

* 

stagnation  pressure  F0  *  The  pressure  in  the  interval  between 
points  D  and  C  may  be  assumed  variable  according  to  linear  law, 
which  is  confirmed  by  experiments  [2]. 

For  the  adopted  model  the  pressure  on  the  leading,  boundary  of 
the  secondary  stream  in  the  "subsonic"  region  will  vary  from  nQi. 
to  P2  ,  whereupon 


^Uf-l 


(3) 


As  the  experiments  show,  at  blast  angles  5^  which  do  not  differ 
much  from  9°°.»  the  leading  boundary  of  the  profile  of  the  secondary 
stream  on  the  initial  section  is  close  to  the  circumference. 
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Therefore,  it  is  possible  to  use  the  law  of  change  of  pressure  in 


the  interval  between  A  and  C  the  same  as  in  the  transverse  flow 
around  a  cylinder,  the  experimental  data  for  which  [2],  [6],  up  to 


e  =  e 


crit 


(Pig.  2),  are  well  approximated  by  the  dependence 


where  6  is  the  polar  angle  of  the  current  point  on  the  surface  of 
the  cylinder  (Fig.  1,  2)  and  0  lt  is  the  polar  angle  of  point  A. 

Expression  (4)  is  valid  for  the  case  of  bQ  »  however,  during 
a  blast  with  angles  that  do  not  differ  much  from  normal,  it  is 
obviously  possible  to  use  a  similar  relationship.  Angle  9  is 

conveniently  expressed  through  the  character¬ 


istic  parameter  of  the  secondary  stream, 
i.e.,  the  angle  of  inclination  of  the 

tangent  to  its  leading  boundary,  5i 

Jfc! _  co>»  —  cm»p  __  .ID  ( 5 ) 

dnt  ■ 


The  last  relationship,  which  was 
derived  taking  into  account  the  possible 
distinction  of  5Q  from  is  found  from 
analysis  of  Fig.  It  is  absolutely  clear 

that  here  5q  in  no  case  should  be  less  than 


ofltoxittsaoftMB* 

Fig.  2. 

KEY:  (a)  according  to 

Belotserkovskiy;  (b) 
according  to  Uchida 
and  Yasukharai  (c) 
according  to  VanDyke; 
(d)  according  to 
formula . 


6  ft •  When  6Q  <  5crit  the  entire  flow 
changes.  Inasmuch  as  the  shock  in  this  case  is  oblique  and  attached. 
Considering  what  has  been  said,  we  obtain  for  the  subsonic 


region: 


-V  ^  .W*  n  \  COS  I  —  GO**, 

•  co#  ^  w  •  — r 
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The  dependence  of  pressure  Pg  on  the  angle  of  revolution  of  the 
secondary  stream  in  the  "supersonic"  region  will  be  written  by  using 


the  relationships  for  the  supersonic 
flow  around  a  curved  wall.  In  firs', 
approximation  it  is  possible  to  take 
the  relationships  for  the  flow 
around  an  external  obtuse  angle, 
namely: 


Here  Xg  is  the  coefficient  of  speed,  which  is  equal  to  the  relation 
of  true  speed  to  critical,  is  found  on  the  appropriate  table  or  is 


determined  by  the  solution  of  the  known  equation 


where  Ac  is  the  angle  of  rotation  of  flow  from  its  direction  in 
the  cone  of  transition  through  the  sonic  line  to  the  current  line. 
It  is  defined  as 

A8'  =  8  -8. 

«p 

The  rear  boundary  of  the  secondary  stream  is  acted  upon  by 
static  pressure  which  is  equal  to  the  pressure  in  the  separation 
zone.  Its  value  Is  calculated  by  the  empirical  relationship 

(8) 

which  is  obtained  on  the  basis  of  analysis  of  experimental  data  of 

this  author,  and  also  the  data  in  [1].  Here  X*  is  the  coefficient 

3 

of  speed  which  may  be  attained  during  isentropic  expansion  of  the 
secondary  stream  to  a  certain  average  pressure  on  the  slot  cutoff: 
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Pressure  Pn  is  an  approximation  to  average  pressure  in  an 

3 

isobaric  section  of  the  secondary  stream 


which  is  obtained  from  the  condition  of  parabolic  change  of  static 

pressure  in  the  secondary  stream. 

As  can  be  seen  from  Pig.  4,  the  points  corresponding  to  values 

of  P^  for  different  blast  conditions  lie  quite  well  on  one  curve 

that  is  constructed  depending  upon  X*  ,  which  allows  us  to  describe 

U3 

the  law  of  its  change  with  a  simple  empirical  equation  (8). 

Knowing  the  dependences  that  determine  P2  and  P^,  and  considering 
the  average  speed  in  the  secondary  stream  to  be  constant  in  length, 

we  can  obtain  relationships  that 
determine  its  profile.  Let  us  note 
that,  in  virtue  of  the  selected  law 
distribution  of  static  pressures 
through  a  section  of  the  stream,  its 
parameters  with  the  known  equation 
of  the  leading  boundary  are  obtained 

0  02  OA  04  <5  U>  U  V.  <*  ii  L.  ,  ,  ,,  ,  , 

*'  in  the  following  way*  distance  to 

Fig.  4. 

axis  of  stream  in  current  section  — 

V  mm  k  /a  ,\ 

•»  ww  •  C11) 


and  from  axis  of  rear  boundary  — 

(12) 

Width  of  stream  in  initial  isobaric  section  is  determined  from 


conditions  of  conservation  of  mass  and  pulse  by  the  relationship 


147 


where  b  is  the  widtn  of  the  lateral  nozzle  on  its  cutoff, 

a3 

PQ  is  the  static  oressure  on  the  lateral  nozzle  cutoff, 

a3 

The  current  value  of  the  width  of  the  secondary  stream  is 

(it) 

where  is  the  average  static  pressure  in  the  stream  which  is 
analogous  to  (10): 

/>,-  !&±£l.  (15) 

For  obtaining  the  form  of  the  leading  boundary  of  the  secondary 
stream  (Fig,  5)  we  shall  use  the  expression  for  determination  of  the 
reaction  of  a  fluid  flowing  in  a  curved  channel  [7]  between  sections 
i  -  1  and  i.  Disregarding  magnitudes  of  the  second  order  of  small¬ 


ness,  we  will  have: 


+  ntj  •tr/'Sin  (*,  —  »,)  =  P£l  + 
+  P&i  — 


Here 


.  ,  i  _  >  wi ~ wi-i 

arctg - - - - — 


m_  is  the  mass  flow  rate  through  a  slot  of  unit  length, 

w,  is  the  average-mass  speed  of  the  secondary  stream  in  current 
~  section. 


Considering  that 


taking 


A/|  —  w  —  const,  P2  —  — , 
A/,  —  A/  — A»„ 


and  also  taking  into  account  the  smallness  of  A5  in  the  numerical 


solution  of  the  problem 


sinO*,  —  8,) 
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after  simple  transformations  we  find  the  expression  for  radius  of 
curvature  in  the  i-th  section! 

^-«{y  (18) 

- -2*4  *• 

The  solution  of  equation  (18)  in  final  form  is  difficulty  and 
it  is  simpler  to  solve  it  numerically,  for  instance  by  Euler* s 
method.  Considering  that 

Rt-%-  or  when  48,-0,  (19) 

mif  ***l 

where  AZ.  is  an  element  of  the  arc  of  the  leading  boundary  of  the 
secondary  stream, 

A6,  is  the  angle  of  elementary  revolution  of  the  stream  which 
1  corresponds  to  arc  AZ^> 

we  have  for  the  i-th  section  of  the  stream 

M  -•(!,)«„  (20) 

AS  ^  is  the  integration  step  which 
will  be  designated  according  to  the 
necessary  accuracy  of  calculations. 

For  the  "subsonic"  section,  A6  is 
conveniently  assigned  in  the  following 


way: 


U  ±Z±L. 


Fig.  5. 


Here  n  is  the  number  of  partitions  of 
the  "subsonic"  part. 


As  the  calculations  show,  sufficiently  good  results  can  be 
obtained  already  when  n  =  10. 

With  known  AZ^_  we  shall  determiner 

(22' 

ii '  ; 

x ,  —  +  Llr  cot  l<t  ( 2 

—  +  Mr  (24] 


etc. 
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In  the  supersonic  region  the  integration  step  is  arbitrarily 
selected  and  calculation  is  conducted  up  to  the  adhesion  points. 

After  obtaining  the  profile  of  the  secondary  stream  it  is  possible 
to  construct  the  pattern  of  its  main  flow:  calculation  of  the  position 
and  form  of  the  leading  shock  wave  is  produced  according  to  the 

method  presented  in  [4]  and  calculation 
of  the  terminating  oblique  shock  at 
the  known  angle  of  rotation  of  flow 
presents  no  difficulties. 

In  the  presence  of  parameters  of 
shock  waves ,  according  to  the'  usual 
gas-dynamic  relationships  we  determine 
pressure  and  speed,  and  consequently, 
the  entire  pattern  of  interaction  of 
flows  becomes  known. 

The  experimental  and  calculating 
pattern  of  flows  shown  in  Fig.  6a  and 
For  checking  the  quantitative 
coincidence  of  results  of  calculation  with  experiment,  calculations 
were  conducted  for  determining  the  effectiveness  of  a  blast  of 
secondary  gas  in  a  supersonic  flow  under  conditions  of  the  experiments 
of  [1],  With  the  help  of  the  derived  relationships  we  calculated 
the  pattern  of  flow  and  found  the  corresponding  distribution  of 
pressures  throughout  wall.  The  total  effect  was  estimated  by  the 
magnitude  of  transverse  force  appearing  on  the  wall  during  the  blast 

jVi-Ay  +  iV 

where  Nj  is  the  jet  force  taking  place  on  a  slot  of  unit  length  of 
stream  blast,  which  was  calculated  as 

Nj  —  ff»3  -®j  +  (ft,  —  ft.)’  ’ 


6b  agree  well  qualitatively. 
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Nr  is  force  appearing  on  a  wall  of  unit  length  as  a  result  of 
reconstruction  of  the  pressure  profile.  The  latter,  taking  into 
account  the  fact  that  the  pressure  below  point  E  is  close  to  the 
pressure  in  an  undisturbed  flow,  was  calculated  as 

%  -  -  />,)-Z5?+  (A>«  -  Pi)  <7e. 

Figure  7  shows  the  relative  magnitude 

*  "t+N* 

“ST*’ 

which  was  constructed  depending  upon  blast  pressure  (consequently, 

with  constant  b  and  on  flow  rate  m*,) .  It  shows  how  may  times  the 
a3  y 

force  appearing  during  the  blast  on  the  wall  exceeds  the  jet  force 
of  the  secondary  stream  Ny  during  its  flow  into  a  vacuum.  As  can  be 
seen,  coordination  with  the  experiment  in  this  case  iB  also 
sufficiently  good. 


According  to  the  proposed  theory; 

(c)  Experiments  without  lateral 
wall  [l]j  (d)  Experiments  with 
lateral  wall  [1], 

Hence,  it  may  be  concluded  that  the  proposed  method  of 
approximation  of  theoretical  estimation  of  the  gas-dynamic  influence 
on  a  supersonic  flow,  although  it  is  based  on  rather  rough  assumptions 
and  proposals,  nevertheless  gives  an  accuracy  sufficient  for 
practical  calculations. 


_  151 


Literature 


1.  A.  Heuser  and  F.  Maurer.  Exoerimentelle  Untersuchungen  an 
festen  Spoilern  und  Strahlspoilern  bei  Machschen  Zahlen  von  0.6  bis. 
2.8.  Z.  Flugwiss*  10  (1962),  Heft  4/5. 

2.  W.  Seibold.  Theoretische  Abschatzung  der  Spoilerwirkung  in. 
Ubershallbereich.  Jahrbuch  1955  der  DWL. 

3.  G.  Dupuichs.  C.  R.  Acad,  sci.*  i960.,  251*  No.  2. 

4.  B.  S.  Vinogradov  and  Z.  G.  Snaykhutdinov.  Method  of 
approximation  of  the  calculation  of  a  detached  bow  wave  in  a 
supersonic  flow  around  blunt  bodies.  IVUZ*  "Aeronautical  Engineerir. 
No.  2,  1963. 

5.  L.  G.  Loytsyanskiy.  Mechanics  of  fluids  and  g&s.  State 
Pres.s  for  Technical  and  Theoretical  L_terature*  Moscow*  1957. 

6.  V.  D.  Heiss  and  R.  F.  Probstine.  Theory  of  hypersonic 
flows.  IIL,  1962. 

7.  A.  I.  Borisenko,  Gas  dynamics  of  engines.  Oborongiz,  i960 

Submitted 
14  December  1963 


THE  INFLUENCE  OF  A  SEQUENTIAL  DECREASE  IN  THICKNESS 
OF  A  METAL  ON  THE  CURVATURE  OF  SHAPED  COMPONENTS 

M.  N.  Lysov  and  Yu.  P.  Katayev 

Definitions  of  Cyrillic  Items 

p  =  h  **  height 
h  =*  cv  »  concave 
b  -  cx  «  convex 
r  -  g  -  geometric 

In  the  design  contemporary  flight  vehicles  we  find  the  wide 
application  cylindrical  skins  with  variable  outline  thickness  of  the 
guide  and  wafer  type. 

Obtainment  of  such  skins  from  sheets  of  variable  of  thickness 
can  be  complicated  due  to  the  unequal  strength  of  the  blank:  It  is 
impossible  to  apply  bending  with  extension,  while  the  processes  of 
bending  and  rolling  and  free  bending  become  difficult  to  control. 
Therefore,  in  a  number  of  cases  it  Is  expedient  to  prepare  such 
components  from  sheets  of  constant  thickness  with  a  sequential 
change  of  it  by  the  method  of  chemical  etching  (chemical  milling). 

As  it  is  known  [1],  [2],  [J],  in  a  shaped  component  there  are 
residual  stresses  that  are  variable  with  respect  to  height  of  cross 
section,  in  magnitude,  and  In  sign  (Fig.  lc) .  With  the  stable  form 
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ol’  a  component  these  residual  stresses  are  mutually  balanced  and 
their  moment  with  respect  to  the  axis  of  rigidity  of  cross  section 
is  equal  to  zero. 

If  we  subject  such  components  to  chemical  etching,  as  a  result 
of  which  a  layer  of  metal  of  definite  magnitude  will  be  removed,  and 
the  thickness  of  the  material  will  decrease,  the  equilibrium  of  the 
resiaual  stresses  will  he  disturbed.  Their  resultant  gives  a 
moment  M  with  respect  to  the  axis  of  rigidity  of  cross  section.  A 
new  equilibrium  state  of  residual  stresses  is  attained  as  a  result 
of  the  change  in  shape  of  the  component. 

Determination  of  the  magnitude  of  change  and  the  final  form  of 
the  component,  in  which  the  residual  stresses  change  in  cross  section 
arrive  in  equilibrium  state  which  is  necessary  in  the  designing  of 
structures  and  equipment  that  ensure  the  given  accuracy  of  manufactur 
of  components. 

Obtaining  Components  with  Variable  Thickness 
along  the  Guide  Outline 

The  section  of  a  component  which  remains  after  chemical  milling, 
depending  upon  the  relationship  of  removed  layers  with  convex  and 
concave  sides,  can  consist  of  the  following  combination  of  defor¬ 
mations  created  during  shaping  of  elastic  and  plastic  zones: 

1)  the  elastic  zone  and  sections  of  plastic  zones  asymmetric 
in  magnitude  and  located  with  convex  ana  concave  sides  of  component 
(Fig,  1,  h±), 

2)  the  elastic  zone  located  on  the  convex  side  and  the  plastic 
located  on  the  concave  side  of  the  component  (Fig.  1,  hg) , 

J>)  the  elastic  zone  located  on  the  concave  side  and  the  plastic 
located  on  the  convex  side  (Fig.  1,  h^) , 
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4)  the  plastic  zone  on  the  concave  side  of  the  original 
component  shape  (Pig.  1,  h^) , 

5)  the  plastic  zone  on  the  convex  side  of  the  original 
component  shape  (Fig.  1,  h^) . 


(a) 


(a) 

; rwM&, 


(a)  (a)  (a)_  (a) 

JtmmE  3m mV  Jname.  inml 


1111; 


inngiii 


Fig.  1.  Diagram  of  percentage  elongations  and  residual 
stresses.  I)  in  original  component ;  II)  In  component 
after  chemical  milling. 

KEY:  (a)  Diagram. 

The  diagram  of  plastic  unit  strain  in  a  cross  section  of  a 
component  after  chemical  milling  will  be  linear  (hypothesis  of  flat 
sections) .  It  is  possible  to  divide  It  into  components  from  pure 
bending  T*  and  from  extension  or  compression  Eq  (Fig.  lc,  d,  e) . 

I 

Expressing  component  e  from  pure  bending  through  curvature 
x  of  a  layer  that  is  neutral  during  pure  bending,  we  will  have 


where 


•— +  H  —  *y. 

mt 

V-y-y» 

** 


y  is  the  distance  of  the  fiber  from  neutral  during  pure  bending  of  a 
layer  that  has  curvature  x*, 

yQ  is  the  distance  between  the  neutral  layer  of  the  complete  diagram 
of  permanent  deformations  and  the  neutral  layer  during  pure 
bending. 


Taking  the  middle  layer  of  a  component  before  chemical  milling,, 
as  the  beginning  of  reading  of  ordinates  of  fibers  with  respect  to 
height  of  cross  section,  we  have  the  following  expression  for  per¬ 
centage  elongation 

■  —  (2) 

where 


(3) 


y  is  the  distance  of  the  fiber  from  the  middle  layer  of  the 
component  before  chemical  milling, 

i 


Yq  is  the  distance  between  the  middle  layer  of  the  initial  section 
and  the  layer  of  the  section  after  chemical  milling  which  is 
neutral  during  pure  bending. 

In  the  active  stage  of  shaping,  the  stresses  in  the  elastic  and 
plastic  zones  are  expressed  accordingly  as  linear  a  =  E*s  and 
exponential  a  «=>  Ke11  dependences  [2],  The  residual  stresses  will  be: 
in  the  elastic  zone  — 


(*0 


in  the  plastic  zone  — 

—  K**  +  £(■  —  ■), 

where  K,  n  are  constants  of  the  strain  hardening  curve  [2], 
E  is  the  elastic  modulus. 


e  and  e  are  the  unit  elongations  of  the  fiber  correspondingly  in 
the  active  stage  of  bending  and  remaining  in  the 
component  after  chemical  etching. 


Putting  the  value  of  e  from  (2)  and  e  «*  xy  in  equations  (4) 
and  (5) »  we  obtain 


•  «=  Ex*y  —  E**y0, 

«i  —  K*myu  —  E(*  -  Oy  -  £*sy0. 


(6) 

(7) 


where  x  is  the  curvature  of  tne  middle  layer  of  the  component  before 
chemical  milling  in  the  active  stage  of  bending. 
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Conditions  of  equilibrium  of  internal  forces  in  a  section  of 
the  component  after  chemical  milling  are  determined  by  the  following 
equations: 

(8) 

We  shall  expand  these  equations  for  Case  1,  when  the  remaining 
section  of  the  component  after  chemical  milling  consists  of  an 
elastic  zone  and  sections  of  plastic  zones  that  are  asymmetric  in 
magnitude 


«*»  ^9  «  mm 

JJZ— j*  9tdy  +  J  a-dy  +  J  *t-dy  —  0,  (9) 

|  J  •*j>*rfy+  J  0,  (10) 

-a  .-**  4  ' 

where  y,  is  the  ordinate  of  the  boundary  of  zones  of  elastic  and 
plastic  flow  with  respect  to  height  of  cross  section, 

y  .  y  are  correspondingly  the  ordinates  of  boundaries  of  removed 
’  ’  *  layers  with  concave  and  convex  surfaces,  counted  off 

from  the  middle  layer  of  the  component  before  chemical 
milling. 

Putting  in  the  values  of  a  and  from  (6)  and  (7)  equations 
(9)  and  (10)  we  havet 


-r. 


-  J  K**y*dy  —  j  £(*  —  x*)y-dy  -  J  Et*y9dy  +  J  E**y-dy  - 

p 

—  J  Bx'yjy  +  f  K*fdy-  f  E(*  —  x*)ydy—  f  Et*ygdy  —  0, 

j , 

#r*y+,<fy-  |  £(*-**)  y*</y  -  £  Ex’ytfdy  + 

+ •  f  Bfy'dy  —  j  E**y*y'dy  +  j  K**f*xdy  — 

i,  •  /, 

-  J  E{x-*)fdy-  [  E*y9y-dy-  0. 

■V,  4 
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After  solving  this  system  we  find: 
from  the  first  equilibrium  equation  — 

• .  •  w  * r  ^ ® 


v  _ JL  ys  -ys'  (p 

•  *<»  +  »  «*  '  J>t7#  U  /  2  * 


from  the  second  equilibrium  equation  — 


+ _g±g_.f£va£!  _ ifiil ,,  + 

£(*+2)i»  +  *•  '  35  [  £  (n  +  2)  3  J 


+  ^±Z_  4_(S_53_o, 

3H  2“ 


where  j r  „  Ji  I,  s' 

I  »  A  . 


h  is  the  thickness  of  the  component  before  chemical  milling, 

e  is  the  conditional  limit  of  proportionality  (approximated  point 
p  of  transition  of  linear  dependence  a  -  e  to  exponential). 


according  to  [3] 


v-(ir 


By  solving  equations  (11)  and  (12),  after  corresponding 
transformations  we  finally  obtain  the  basic  formula  for  determination 
of  radius  of  curvature  of  the  bent  component  after  chemical  milling: 

'*-  ■  («) 
Constants  c^,  7^,  72  depend  on  the  mechanical  properties  of  the 
material  and  the  magnitudes  of  layers  removed  during  chemical 
milling  and  are  determined  by  the  following  expressions: 


c,  —  - 


‘  £(*  +  2)'/'  3 

2I~V  f  ( y,  -  7, )  Gj*1  -  Jjf*1) 

“  B  L  11  +  2  2  (»  + 1) 


Ti+Jt  G*  +  y, )  (>.  Y 


For  finding  the  position  of  the  layer  of  the  component  after 
chemical  milling,  which  is  neutral  during  pure  bending,  we  will  use 
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equations  (1)  and  (5)  which  are  written  in  relative  magnitudes t 

!*•  *»  «•*  i 

2**^x> 

By  solving  this  system  we  obtain  the  expression  for  determination 
of  the  ordinate  of  the  indicated  layer* 

**J*-yo  (15) 

Tq  depends  on  component  tensile  force  Pz 


where  F  is  the  area  of  cross  section  of  the  component  after  chemical 
milling. 

As  shown  in  [2],  the  residual  stresses  in  the  component  after 
unloading  can  be  determined  by  the  formulas 

•  « — £*y, 

•i  — tf*"/ -£(*  —  *)  y.  (c) 

where  x  is  the  remaining  curvature  of  the  middle  layer  after  unloading. 

According  to  Fig.  1,  the  vector  of  resultant  force  of  internal 
stresses  will  be  written  as 


—  f  f  9-l-dy—  f  (d) 

Jointly  solving  equations  (a)  and  (d),  taking  into  account  (b) 
and  (c)j  after  a  number  of  transformations  we  finally  obtain  the 


formula  for  determination  of  the  magnitude  sought* 

N  2"£l««  +  l)P  '  J.+J,  VJ  .  ?/  4 


Considering  a  particular  case  of  bilateral  uniform  chemical 


milling,  i.e.,  considering  ycv  -  ycx 


y*,  equation  (15)  will  be 


written  in  the  form  of 
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where  v 


y 


h 


h 

2 


is  the  relative  ordinate  of  the  boundary  of  zones  of 

A  T  rt  4-  ^  A  A  >—  T  «  r«  4-  A  4-  v»«  A  V\  rt  t.t4  4-  V\  •%-»  a  n  -v-v  A  rt  4-  4  A  V%  a  4  (f  b.  +■ 

-rev  o  u  j.  ^  cai  iu  pxao  bit  o  t  j-  a±uo  nibu  j.  t  opco  c-  l  v  _l  {31 1 

of  section.  Expressing  all  relative  magnitudes  in 
this  equation  through  component  thickness  after 
chemical  milling,  equal  to  2v*,  we  have: 


I 


1-H  4  ?(l  -/+1)?1-*)  ' 

l.e.,  we  have  obtained  the  known  formula  that  determines  the 
residual  radius  of  curvature  in  components  obtained  by  the  method 
of  elastic-plastic  bending  [2],  Consequently,  the  residual  radius 
of  curvature  of  the  component  depends  on  the  curvature  created  in 
the  active  stage  of  deformation  and  does  not  depend  vrhen  the  bilateral 
uniform  decrease  of  thickness  took  place,  i.e.,  before  or  after 
shaping. 

Thus,  for  the  given  case  we  have  found  analytic  dependences 
for  determining  the  basic  geometric  parameters  of  a  component  after 
chemical  milling. 

The  solution  of  the  questions  under  consideration  for  other 
cases  of  chemical  milling  in  principle  is  similar  to  the  one  presented. 
Therefore,  we  shall  give  final  formulas  that  determine  the  relative 

y- 

radius  of  curvature  %  of  a  layer  that  is  neutral  during  pure  bending, 
which  remains  after  chemical  milling,  and  parameters  and  Tq  which 
characterize  its  position. 

Case  2  (section  after  chemical  milling  consists  of  part  of  the 
elastic  zone  which  located  on  the  convex  side,  and  part  of  the 
plastic  zone  which  is  located  on  the  concave  side  of  the  component)} 


«*. 


T*5 


7j  — 1\  ~  W*?  +  \ 


2 


*0 


*(•  +  '>«"  A±r, 

if 


V  yaTy. 

*  ’2 <7,  ±7.)  2 


(17) 


2*£  (n  +  I)  £" 


5ri-s+l 
y « ±7. 


41 


^  —  ’*  I  —  _ 
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where 


**- 


T*~ 


2*“V  O*.)"41 
*<«  +  »> 
Jmu  T  Jm  I. 


2'~‘*  /  jCti 


t;- 


\3f2  ii  4- 1  2 

J^im  (  /an  ?  J^ab) 

*  .4 


)■ 


^Ji  i  5«li  (  J^bu  T  /aid)  (^au  “  Jail  ) 
*  4 


(18) 


yraex  and  ymin  corrQBP°ndlhgly  are  the  maximum  and  minimum  ordinates 
of  boundaries  of  removed  layers* 

In  the  system  of  equations  (17)  and  (18)  the  upper  sign  pertains 
to  the  case  when  ymax  and  ymin  are  divided  by  the  middle  line  of 
cross  section  of  the  component  before  chemical  milling,  and  the 
lower  sign,  when  ymax  and  ymln  are  located  on  one  side  of  the  middle 
line  of  cross  section  of  the  component  before  chemical  milling. 

Case  ?  (section  after  chemical  milling  consists  of  part  of  the 
elastic  zone  which  is  located  on  the  concave  side,  and  part  of  the 
plastic  zone  which  is  located  on  the  convex  side) i 


t'- 


Til 


2!-**rT' 


."  +  l  7,  — 2  »  —  _  — 

_ a  _  J1  *•-'  ,  y* t  y* 

*(n  +  ,)e"  Jt±y.  *  2(J,±T.)  T  2 

«  ,+‘  .i  y,-s  ,  _  _ 


(19) 


s"  «<"+'>«■  y.±y.  +  « '  x±5.  T0’-**-’- 

With  respect  to  the  double  signs  the  above-mentioned  remark  is  valid. 

Case  4  (section  after  chemical  milling  consists  of  part  of  the 
plastic  zone  which  Is  located  on  the  concave  side  of  the  original 
component  shape) i 


\ 
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V 


17  £ 


*  »  ,l-»  • 

Tj-Ti  ^ 


J'o 


2*  hKV 
£(«  +  i)efl 

K 


">4-1  _  “*  +  1 

y  *  ji 


+ 


t*  ye  +  4-  v. 


where 


2-£(«  +  l)f  ym~y, 
o'-'i'T  T.«+2_  Z»+i 


y.-y.  *  2  2 

vs'-ya+' 

- n  17“  ■ 

S 


i(f-f) 


Jt'.  +  X. 


(20) 


f  -Vmai  4~  ymi 


2 _ 5  I  J'nm  ~  -^mln 

£  l  Hi-2  2(n 


W  V',f1  _  V*+*  )  1 
n<  "  -y  m«a  -rtnln  1  I 

( n  +  1)  J  * 


(21) 


7»„  ^iln  (  -Vmu  4“  .Virln^  ( loin 


3  4 

Case  5  (section  after  chemical  milling  consists  of  part  of  the 
plastic  zone  which  is  located  on  the  convex  side  of  the  original 
component  shape) i 


V 


Tji 


li  -  h  * 


y#- 

•o*=  - 


2l~<,/fE«  .  jl+'  -  ->C*  *  _  >.4- x.  y,  +  y, 

—  —  e  n  * 


£(«  +  1)5* 


yB-y. 

Tr*-':*1  ,i/i 


y.  —  ym  *  x '  *  / 


2 

y.  +  y« 


(22) 


2*c  {« +  1)  5"  T_-T.  2V5  7/  2 

Thus,  formulas  are  derived  which  make  it  possible  to  determine 
the  remaining  curvature  of  neutral  layer  during  pure  bending  and  its 
position  after  chemical  milling  for  components  with  variable 
thickness  along  the  guide  outline. 

i  " 

In  these  formulas,  constants  yot  70,  t  o-»  7-z/  which  depend  only 

t-  d  d  J 

on  the  magnitude  of  the  removeu  layer  for  the  case  of  one-sided 
chemical  milling,  can  be  determined  on  graphs  (Fig.  4,  6,  8) . 

i  " 

Constants  7^,  7^,  7  ^ ,  besides  the  geometry  of  the  remaining  section, 
also  depend  on  the  mechanical  properties  of  the  material.  For  case 
of  one-sided  chemical  milling  they  can  be  determined  on  the  graphs 
shown  in  Fig.  J>,  5,  7. 

On  the  graphs  of  Fig.  ?  -  8  and  10,  along  the  axis  of  abscissas 
the  relative  thickness  of  the  removed  layer  t  =»  ±s  plotted. 
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Obtaining  Components  of  the  Wafer  Type 


Chemical  etching  for  obtaining  components  of  the  wafer  type  is 
basically  produced  only  on  its  concave  surface,  wherein  the  thickness 
of  the  runner  along  the  length  of  the  guide  remains  constant. 

The  runner  of  the  component  after  chemical  milling  can  consist 
of  different  combinations  of  elastic  and  plastic  zones  of  defor¬ 
mations  t 

1)  plastic  zone  located  on  convex  side  of  component,  elastic 
zone,  and  part  of  plastic  zone, 

2)  plastic  zone  located  on  convex  side  of  component  and  part 
of  elastic  zone, 

3)  part  of  plastic  zone  located  on  convex  side  of  component. 

Equations  of  equilibrium  of  forces  (8)  for  case  1  of  wafer-type 

components  will  be  written  (Pig,  2)  as 

_  -r,  _  __  _  r,  _  t  „ 

5)Z«/r  |  <| •  dy  + 1%  j  *\<ty  Jr  f  i‘dy  - 4-  |  a,*rfy»=*0, 

-/  't 

_  -**  -  ~  y*~  t 

]  ■,*yrf>  +  /.  f  f  ••*•*>+  f  •ry-dy-o, 

-i  -?  4 


where 


— -A— 


EXQS222222Z 


EZgZgZZg^ZZZa 

|m  “ 


Pig.  2,  Geometric  parameters  of  wafer-type  component. 

Putting  the  values  of  ’cr  and  from  (6)  and  (?)  in  these 
equations  and  calculating  the  integrals,  we  obtain! 


163 


/  &  >  fl-fl 
I-  #  »  1 


+r.[*‘  ^ -»w  *■-*>]- 


(t-v,)] 


—  2 Et.xy^y  +  AY 


.ar-*« 


.HT-r-  -SaLa 


-  _  £(*_**). 

*+l  v  1  2 


-«•*(! -j-,)-o. 


(i)-*  --.  <-(f) 


-Eh.  -  x*)  - -  -  E*'y0-  . 

*  +  2  3  2 


^v+*_y+*  T-V-y 

-|y~7+>~  '•  +  ^-oiV *•  + 

,  f  *  \2 

^  ”(  o  J  —  y*  +  *  _  •»  y*®  —  J  _ 

+  £*>. - J--3  '-  +  *•'  ——rf-  I.  -  «•  -  *)~^A  l.  - 


(!)-<•■ 


<;  + 1  £*V,  +  K*  n  +  2 

(AY-/  (AVj 

r/  ”n\2/  ^  e-~,  \  2  ^  yt 

-£(*-*) - - - -  E *  y0 - ~ - 


After  a  series  of  transformations  the  equations  are  reduced  to 
the  form  of 

_  2 I -p-+I  rm/r  \  ,_p» 

->'•”  £(«+«(■  •  j_r,(i-3»  "a  V  s  )a -r.(i-5o’  (23) 

iSf  i2-'-0  -rhi-  £|2-u. 

-  -  !<*«>•]  s’+  ir'2-7-  <•  -?Y 

^  —>"*)*•*  o,- 

where  £  is  uhe  relative  radius  of  curvature  of  the  middle  layer  of 
the  component  before  chemical  milling, 

T*  is  the  relative  radius  of  curvature  of  the  layer  that  Is 
neutral  during  pure  bending  after  chemical  milling. 


-  (2-") 


im 


By  solving  the  system  of  equations  (2?)  and  (2*1)  with  respect 

#VY 

to  %  ,  after  the  corresponding  transformations  we  will  finally  obtain 
the  formula  for  determination  of  the  remaining  curvature  of  the 
component  after  chemical  milling! 


V 


ft— +  C.P 


(25) 


Constants  7^  and  y^  are  determined  by  expressions 

a1-*  [2  -7,(i- 1 
7,“  £  l"  *  +  2  2(*-M)  (2-^(1  -Jp)l  i 

r  a-.^(i-y*)  7,(i  — >‘V 

.  T,T  *  4{2-T,<»-r)i  ’ 


(26) 


and  constant  is  determined  by  corresponding  equation  (14). 


The  position  of  the  layer  that  is  neutral  during  pure  bending 
of  the  component  after  chemical  milling,  with  respect  to  the  middle 
layer  of  the  component  before  chemical  milling,  will  be  determined  by 
equation  (15);  the  magnitude  of  ~q  for  the  case  under  consideration 
is  found  with  the  expression 

*  *  y^-T 1/1  1\  y*1-!  1  (gyN 

2-  (»  +  l)£S-  2-7,  (l-P)  *  /2-7,(l-y*)jJ‘  1 

For  other  cases  of  chemical  milling  of  wafer-type  components, 
the  solutions  in  principle  are  analogous.  By  omitting  a  detailed 
description  of  the  solution,  we  shall  give  the  final  results. 


Fig.  4.  Graphs  of  function  y2  =  = 

Tcx). 


Case  2  (section  of  runner  consists  of  plastic  zone  located  on 
convex  side  of  component,  and  part  of  elastic  zone) 
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*  -  fi  81”*—  •»:/*  +  y  ef  e,P 

-  .  2t~*KtMJ,  I  -  »'+1  1-* 

*  «(*  f  1)1*  2-7'{l*y)  2*  '2-<;(1T7o 

5  ±=j£  (28) 
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~  _  r  if  ,•+* _ |  I-  ... 

2**<*+»«"  ‘2-<;<IT>>  T?)  + 

+±.  ?.•-■»_  t 

«  2-f,(ITjr*)J 
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3  *  -  *  ••* 

f  *-T»  'ijo-5*)  j 

Tl“  * .  I  *+2  20i+i)P-i;ot?)]* 


,  2-\  P.O-^)  (29) 

*  “  *  4P~7 ’(IT**)]' 

2-^PT?*)  7j(i-?y 

*  -  ip-IiOT?)]  ’ 

T*“®f  ~T»* 


Constant  c2  is  determined  by  corresponding  equation  (18). 

The  upper  sign  in  equations  of  system  (28)  and  (29)  pertains 
to  the  case  when  the  thickness  of  the  runner  is  more  than  half  of 
the  thickness  of  the  component  before  chemical  milling  and  the  lower 
sign,  when  the  thickness  of  the  runner  is  less  than  half  of  the 
thickness  of  the  component  before  chemical  milling. 

Case  3  (section  of  runner  consists  of  part  of  plastic  zone 
located  on  convex  side  of  component) 
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Fig.  6.  GrayiS  of  function  y\  »  f(T,  T  ). 

d  '  CX' 

Thus,  for  different  forms  of  wafer-type  components  we  found 
analytical  dependences  which  make  it  possible  to  determine  their 
basic  geometric  parameters  after  chemical  milling. 

i  " 

Constants  y^,  y g  ,  y  ^  y^,  which  depend  only  on  the  magnitude 
of  the  removed  layer,  can  be  found  on  the  graphs  shown  in  Fig.  k,  6, 

I  H 

8,  and  constants  7^,  7 7^,  which  depend,  besides  the  geometry  of 

the  remaining  section,  on  the  mechanical  properties  of  the  materials, 

are  found  on  the  graphs  of  Fig.  J>,  5,  7. 

In  the  determination  of  the  curvature  which  must  be  given  to 

the  component  in  the  active  stage  of  bending,  in  order  to  obtain  the 

given  curvature  after  unloading  and  subsequent  chemical  milling,  it 

is  necessary  that  the  dependence  ~  -  f (T,  l  ,  4)  for  different 

CX  £> 4 

materials  be  presented  in  the  form  of  graphs  similar  to  the  ones 
shown  in  Fig.  9  for  material  Bl6AT» 
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for  mare  rials  DlDAM  ( - )  and  D16AT 

( - )  • 


Residual  stresses  in  components  after  chemical  milling  are 
determined  by  equations  (6)  ana  ('<  )  which  in  dimensionless  form 
have  the  appearance: 


-“T*  yn  —  in  the  elastic  zone, 

2^x  u 


~  „  K _  n  1-  ,1  lx-  E 

1  '  2^  2  J>  "  y 

The  diagram  residual  stresses  which 
in  Fig.  If. 


yQ  —  in  the  elastic-plastic  zone, 
depicts  these  equations  is  shown 
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As  already  was  indicated,  with  the  decrease  of  thickness  of 
material  the  instability  of  internal  stresses  with  respect  to  moment 
causes  a  change  in  curvature  of  the  shaped  component.  Let  us 
consider  the  change  of  this  moment  during  chemical  milling  of  the 
concave  surface  of  a  component. 

With  the  removal  of  a  layer  within  the  limits  of  the  extended 
zone  of  the  diagram  of  residual  stresses  (Pig.  lb),  a  moment  is 
created  which  decreases  the  curvature.  Upon  further  increase  of  the 
removed  layer  the  magnitude  of  additional  unloading  moment  will 
decrease. 


•  9-  Graphs  oh  function  —  = 

i  F 

(tj  i*)  for  material  DlGAT 

ir.g  one-sided  chemical  milling 


At  a  specific  thickness  of  removed  layer  a  moment  is  created 
which  Increases  the  initial  curvature  whose  maximum  value  at  the 
thickness  of  the  removed  layer  will  be  equal  to  half  of  the  thickness 
of  the  component  before  chemical  milling.  A  further  increase  in 
thickness  of  the  removed  layer  leads  to  a  decrease  of  this  moment. 

This  pattern  of  change  of  moment  is  confirmed  by  experimental 
check  of  the  change  of  curvature  which  was  conducted  for  material 
D16AT  with  a  thickness  of  1.5  and  2.5  mm  (Fig.  10,  11 ,  12). 
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Fig.  11.  Photograph  of  samples  made 
from  D16AT  after  chemical  milling  of 
the  entire  concave  surface  at  a 
different  magnitude  (t^<t2<t^, 

Pj<P±<P2) • 


Fig.  12.  Photograph  of  samples  of  the 
wafer  type  made  from  D16AT  after  chemical 
milling  of  the  concave  surface  at  a 
different  magnitude  ( t^tpCt^ct  u ,  p^<p.  ■ 

■ 
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TECHNICAL  NOTES 


APPROXIMATE  CALCULATION  OF  SPEED  OF  FLIGHT  IN  A  SLANTED 
DIVE  AND  DETERMINATION  OF  LOSS  IN  ALTITUDE  AND 
RANGE  ON  THE  DIVE  ENTRY  SECTION  ON  A 
PROGRAM  FOR  A  PILOTLESS  AIRCRAFT 
WITH  TURBOJET  ENGINE  (TJE) 

Ye  .  A .  Kuklev 

Definitions  of  Cyrillic  Items 
np  =  rect  =  rectilinear 

MKTCC  =  MKGFS  =  Meter  —  Kilogram  —  Force  —  Second 
bkji  =  inc  =  inclusion 
3X  =  en  =  entry 

The  method  of  calculating  the  speed  of  an  aircraft  with  TJE  on 
a  section  of  slanted  and  rectilinear  diving  on  the  assumption  of 
constancy  of  air  density  ana  drag  coefficient,  and  disregard  of 
engine  thrust,  is  given  in  [1].  In  the  same  place  there  are  inves¬ 
tigations  of  motion  of  an  aircraft  during  dive  entry  and  pullout  with 

constant  overloads  n  =  const  and  nr  =  const. 

y  x 

In  this  article  we  obtain  a  precise  expression  for  calculating 
the  speed  of  flight  in  a  slanted  dive  with  large  thrust  weight 
ratios:  I.  V.  Ostoslavskiy ' s  formula  considers  engine  thrust  as  a 

constant . 


175 


Furthermore,  the  article  gives  expressions  for  determination 
loss  of  altitude  and  flying  range  in  the  dive  entry  of  a  pilotless 
aircraft  based  on  one  of  the  two  proposed  automatic  pilot  programs, 
and  gives  recommendation  on  the  selection  of  these  programs  under  tuc 
condition  that  the  speed  of  flight  can  be  considered  constant.  The 
concept  of  overload  n  is  introduced  here  as  the  designation  of  a 

y 

certain  limit  of  maneuverability  or  strength  which  should  not  be 
exceeded  in  the  process  of  motion  of  the  aircraft,  but  whose  assign¬ 
ment  is  a  basic  criterion  in  the  selection  of  a  permissible  program. 
Inasmuch  as  programmed  motions  of  the  aircraft  which  are  investigated 
in  the  article  are  not  flight  conditions  with  n  =  const,  the  results 

O' 

obtained  can  be  assessed  as  a  certain  supplement  to  that  which  is 
already  known  in  literature  about  programmed  motions  [2],  and  have  an 
independent  interest  in  this  sense. 


1 .  Determination  of  Speed  During  a  Slanted  Dive 
Taking  into  Account  Engine 
Thrust  as  a  Constant 

Equations  of  motion  of  an  aircraft  with  TJE  during  a  slanted 
dive  on  the  assumption  of  constancy  of  mass  (m),  thrust  (P),  and 
drag  coefficient  (c  ),  which  are  equal  to  certain  mean  values  for  a 
given  small  drop  in  altitudes,  can  be  written  as 

m  «=  mV *=  P  —  cx  — £ —  GsinOp, 

.  (1.1) 

jf=V/sJnfi0,  x  =  1/  cos  80,  80=  const. 

Following  the  designations  of  [1],  we  will  take 


dV  f 
dv  dt 


<Lv  Sin  e0  =  1-^1  sine, 
dy  2  dy 


VL-- 


16  0  gin  6,i 
ex’SS 


O  sin  #„ 


(1.2) 

(1.3) 

(l.M 
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where  P  and  G  are  in  newtons,  m  in  kg,  r,^  is  conditionally  considered 
as  the  thrust  weight  ratio  of  an  aircraft  with  TJE  in  a  dive,'  and 
is  the  dive  angle. 

We  shall  place  (1.2)-(1.4)  in  the  first  equation  of  (1.1);  then 
for  determination  of  speed  we  will  obtain  a  differential  equation 
with  dividing  variables: 


dV 


-2-^-u +  «,)(■  »-—£—! 


(4.5) 


Dividing  the  variables  in  (1.5)  and  integrating  in  given  limits 

0 


2  2 

from  Vq  to  V  and  from  yn  to  y,  we  will  finally  find 


(1.6) 


where  VQ  and  yQ  are  the  values  of  speed  and  altitude  of  flight  in  the 
moment  of  the  beginning  of  a  rectilinear  slanted  dive.  If  we  put 

n 

n^  =  0  and  —  =  g  in  (1.6)  for  a  check  in  the  MKGFS  system,  we  will 
obtain  exactly  the  same  formula  as  in  [1], 

Calculations  show  that  the  values  of  speed  which  were  calculated 
for  a  small  drop  in  altitudes  (<  10  km)  according  to  the  precise  form¬ 
ula  (1.6),  almost  completely  coincide  with  the  results  of  numerical 
integration. 

2 .  Determination  of  Loss  in  Altitude  and  Horizontal 
Range  on  the  Section  of  fentry  of-  an  Aircraft' 
with  TJE  into  a  Slanted  Dive 
According  to  a  Program 

Among  the  possible  programs  for  entry  of  an  aircraft  into  a 
slanted  dive  we  shall  consider  those  which  transfer  the  aircraft  from 
horizontal  flight  into  conditions  of  a  slanted  dive  in  a  longitudinal 
plane  with  constant  pitch  angle.  A  dive  with  constant  pitch  angle 
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may  be  easily  carried  out  by  means  of  shifting  the  initial  conditions 
of  stabilization  of  horizontal  flight  to  slanted  conditions  by  feeding 
a  constant  programmed  signal  to  the  pitch  control  track.  It  is 
obvious  that  from  considerations  for  the  guarantee  of  stability  and 
limitation  of  normal  overload,  a  signal  that  is  proportional  to  the 
pitch  angle  during  diving  cannot  be  fed  to  the  control  track  immedi¬ 
ately  and  suddenly  but  should  be  sent  out  gradually  with  a  certain 
regularity,  i.e.,  according  to  a  program.  The  program  of  dive  entry 
with  constant  pitch  angle  may  be  either  proportional  to  the  sweep  of 
the  control  signal  in  time  with  a  limitation  upon  achievement  of  a 
specific  value  which  is  carried  out  by  a  time  mechanism,  or  by  a  grad¬ 
ual  influence,  quantized  in  level  and  supplied  by  a  relay  system 
(Fig.  la,  b) . 

It  is  required  to  determine  the 

losses  in  altitude  and  horizontal 

range  for  the  considered  programmed 

motions  and  to  find  correspondingly 

the  permissible  angular  velocity  of 

rotation  of  the  programmer  co  or  magnitude  k^  and  the  duration  of 

pulses  under  the  conditions  that  are  assigned  by  the  pitch  angle 

during  diving  (programmed  signal  $■*)  and  the  limiting  permissible 

normal  overload  n_ 

y  max 

For  a  solution  to  the  problem  on  hand  we  shall  use  the  system. of 
equations  of  motion  of  an  aircraft  In  a  longitudinal  plane  in  varia¬ 
tions  with  respect  to  horizontal  flight  [1],  [2],  We  shall  assume 
that  at  small  angles  of  inclination  of  trajectory  (<  45°)  the  speed 
of  flight  on  the  dive  entry  section  changes  insignificantly,  i.e,, 

V  »  Vq  =  const,  the  mass  of  the  aircraft  Is  constant,  and  cos  0  £ 
cos  t?,,  ~  1,  sin  0^0.  Furthermore,  we  shall  assume  that  the 
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automatic  pilot  is  ideal  and  the  motion  of  the  aircraft  with  respect 
to  the  center  of  gravity  will  be  considered  only  as  a  balancing  rela¬ 
tionship,  taking  the  angular  pitch  velocity  to  be  approximately  equal 
to  the  angular  turn  velocity  of  the  aircraft  on  the  trajectory,  i.e., 

* ».  as  «i*«  +  **  - I  +  /»**•#  —  0. 

Where  by,  in  the  automatic  pilot  equation  it  is  possible  to  take 


i  a) 

Z1 


0) 


6. 


As  calculations  show,  these  assumptions  are  fully  acceptable. 
For  instance,  an  increase  in  speed,  found  with  relationships  [1]  for 


the  case  of  dive  entry  with  n  =  const,  does  not  exceed  10$.  The 

*7 

short-periodic  motion  of  the  aircraft  with  respect  to  angle  of  attack 
in  comoarison  with  the  slowly  changing  program  of  dive  entry,  attenu¬ 
ates  extraordinarily  quickly  and  almost  does  not  render  an  influence 
on  the  trajectory. 

Taking  into  recount  the  remarks  made,  the  initial  system  of  equa 
tions  of  motions  may  be  written  as 


(2.1) 

•-V  +  +  *•*•(<*'  iaVV 

where  i^,  i^  are  the  transmission  numbers  of  the  automatic  pilot 

z  for  the  pitch  channel, 

c  (t)  is  the  dimensionless  program  of  dive  entry  which 
vs-ries  from  0  to  1, 

Ya  _L  p 

al  =  ~inV -  is  coefficient. 

We  shall  find  an  equation  for  the  determination  of  angle  0,  by 
excluding  a,  6,  and  $  from  the  first  four  equations  of  [2.1] 


71  + 
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(2.2) 


where 


r- 


< 

" •> 

1 

«•*  1 
'•'+< 

wt  I 

1+tl 

*1 

+ 

J 

** 

m 

+~tJ 

is  the  time  constae1 


of  the  dynamic  system  "aircraft-automatic  pilot."  If  we  consider  tin. 
initial  conditions  as  zero  (horizontal  flight),  the  solution  in- 
expressions  according  to  [3]  will  be 

tJmht  (2-5) 

where  p  is  the  transformation  parameter  in  a  Laplace  integral. 

.The  sought  solution  in  originals  is  found  for  every  program 
separately. 


A.  Program  for  Diving  is  Worked  Out  with  Constant 
Angular  Velocity  (Fig.  la) 

Since  in  this  case  the  representation  for  a(p)  according  to  [3] 
is  equal  to 


°0>)- 


(2.4) 


then  in  (2.3)  going  on  to  variable  t  by  means  of  inverse  Laplace  trans¬ 
formation,  we  will  obtain  the  following  expressions  for  determination 
of  angle  9 : 

en— +  (2-5) 


if  the  current  time  is  less  than  the  time  of  work  of  the  programmer, 
i  .e . , 

t  <  /-J,and«(/)«=  —  —  i)j  (2.6) 


for  any  moment  of  time  after  programmer  stops,  i.e.,  for  t  >  t.  . 

t . 

inC 

Here  k  =  — — —  and  L t  =  t  —  t.  is  the  current  time  counted  off  • 
T  IRC 

from  the  moment  of  achievement  of  limitation  of  the  program. 
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For  determination  of  the  loss  in  altitude  on  the  dive  entry  sec¬ 
tion  it  is  necessary  to  integrate  the  equation  for  vertical  velocity 
taking  into  account  (2.5)  and  (2.6),  and  as  a  result,  when  *  <  hnc' 


when  t  >  tlnc. 


*y-y-y»--YTV*[wT~Jr~ie  T  !)]* 


Ay  -  -  ~  tv,  [-£  -  k  -  (e-*  - 1 )  ]  - 

v 

—  7Vc(£Al  —  T  (e~k  —  1)  (1  —  e  r  )\. 


(2.7) 


(2.8) 


As  can  be  seen  from  (2.5)  and  (2.6),  angle  9  asymptotically 
tends  to  its  own  limit,  i.e.,  the  programmed  pitch  signal  i* .  There¬ 
fore,  for  determining  the  moment  of  termination  of  dive  entry  of  an 
aircraft  it  is  necessary  to  have  some  specific  values  of  this  angle 
which  are  less  than  limiting.  Let  us  assume  that  the  angle  of  trajec¬ 
tory  inclination  at  moment  At  =  At^  after  stop  of  the  programmer  must 
be  equal  to: 


=  -  t$*. 


(2.9) 


We  shall  place  (2.9)  in  (2.6),  and  then  we  will  see  that 


A t.mm  —  T  In 


r  *<«-«>  i 

l  <»-*-*)  J’ 


and  the  total  time  of  dive  entry  of  the  aircraft  is 

tm  “  *mM  +  A/;. 

The  horizontal  range  of  the  maneuver  is  also  found  here: 

Ax  —  X  —  jc0  2;  iy  M  • 


(2.10) 


(2.11) 


(2.12) 


Now  we  shall  determine  the  permissible  angular  velocity  of  rota¬ 
tion  of  the  programmer  oo  =  — —  and  the  "time  of  inclusion"  k  =  rp 


tinc 


^inc 


at  the  given  pitch  angle  of  the  dive  and  limitation  on  normal  overload. 

181 


Let  us  note  that  when  an  aircraft  follows  a  program  for  dive  entry  the 
maximum  angular  velocity  for  a  turn  by  angle  6  is  attained  at  the 
moment  the  programming  stops,  i.e.,  when  t  =  t^nc,  after  which  the 
angular  turn  velocity  will  only  attenuate.  Therefore,  by  differen¬ 
tiating  (2.5)  and  putting  t  =  ^  ,  we  will  find  that 


6 

max 


(2.15) 


and  from  the  condition  of  the  limitation  of  permissible  overload 


e 

max 


(2.14) 


If  we  now  place  (2.14)  in  (2.13),  then  there  will  be  obtained  an 
equation  for  determination  of  permissible  values  of  k  depending  upon 


$* ,  n  ,  VQ,  T,  G,  m 


e“k  <  1  -  bk. 


(2.15) 


where  b  =  -  — 
m 


(n  -  1  )T 


is  positive  in  virtue  of  the  negativity  of 


the  overload  during  dive  entry  of  the  aircraft.  Equation  (2.15)  was 
solved  graphically;  a  dependence  of  the  form  k  =  k(b)  is  represented 


Obacmb  (a) 
gorwwoeMbuc 
M3W0WUV  K 


in  Fig.  2. 

Thus,  by  finding  k  with  respect  to  b, 
we  will  always  be  able  to  determine  the 
angular  velocity  of  rotation  of  the  program¬ 
mer,  and  according  to  (2.5)-(2.12)  we  can 


:  11  I  .  I  I  i  £  find  the  change  of  the  angle  of  inclination 

0.25  0.S 

Fig.  2.  of  the  trajectory  and  the  loss  in  altitude 

KEY:  (a)  region  f 

permissible  values  of  and  range  at  any  moment  of  time. 


B.  Step  Program  (Fig.  lb) 

In  the  assignment  of  an  automatic  pilot  program  in  the  form  of 
a  certain  seep  curve  it  is  necessary  to  know  how  to  calculate,  on  the 
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basis  of  the  given  criteria  the  permissible  magnitude  and  duration  of 
steps,  and  also  the  trajectory  elements  of  the  programmed  motion.  We 
shall  first  find  the  elements  of  the  trajectory.  As  earlier,  we  shall 
start  from  the  determination  of  angle  9.  Considering  the  program 
depicted  in  Fig,  ib  as  a  step  influence  composed  of  a  series  of  equal- 
duration  At  pulses,  of  magnitude  k^A*,  and  fed  consecutively  in  moments 
of  time  iAt,  and  a  single  influence  applied  in  moment  of  time  t  =* 


=*  t . nc  »  (n  —  i)  At,  for  a  representation  of  the  influence  according 
to  the  superposition  principle  [4]  we  will  be  able  to  write  the  fol¬ 


lowing  expression: 


•(/»)-* i 


-A*  _  -U* 

+  *,  *  -  * - + 

P  ' 


_  -Ofr  -U-flUP 

+  •  *  *  +  A,  •  *•'  —  1  — 1  +  •  •  •  +  ■ - 


(2.16) 


Further,  by  making  an  inverse  Laplace  transform  of  expression 

(2.3),  with  the  help  of  Tables  [3],  where  (2.16)  is  placed  instead  of 

a(p),  we  will  obtain  a  dependence  for  angle  9: 

,  *-W 

•  </)*  -*•  E  *c Id  -a  r“>-(1  -  e  r  )|,  (2.17) 

C-I 

where  i  =  1,  2,  ...,  n  and  when  t  <  iAt  t  —  £At  =  0  for  all  C  = 

=  1  y  a  •  •  y  • 


The  expression  for  calculation  of  the  loss  in  altitude  during 
dive  entry  will  be  found  after  integration  of  the  equation  for  ver¬ 
tical  velocity  in  the  calculation  of  (2,17) 

Ay  -y  -y,  - -••V’,  -  (C  -  I)  A/]-- Lfi  -  #  T~  j  _ 

(2.18) 

-K*-CA<)-±(l-e 

where  i  =  1,  2,  ...,  n  and  when  t  <  iAt  t —  £At  =  0  for  all  C  = 


—  y  0  •  •  y  n* 

The  horizontal  range  can  then  be  calculated  by  analogy  with  (2.12). 
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The  magnitudes  of  pulses,  their  duration,  and  quantity  will  be 
found  from  the  condition  that  at  the  moment  of  supply  of  each  control 
pulse  the  maximum  angular  velocity  of  turn  of  a  pilotless  aircraft 
with  respect  to  angle  of  trajectory  inclination  must  not  exceed  the 
permissible  value  determined  depending  upon  the  available  overload, 
i.e.,  from  the  condition  of 

0±(t)  <  0max  (permissible),  (2.19) 

■where  the  right  side  is  determined  according  to  (2.14). 

The  expression  for  angular  velocity  of  turn  of  an  aircraft  in 
any  moment  of  time  will  be  obtained  if  we  differentiate  (2.17),  i.e., 

•,<o— r~-  (2-20) 

where  i  =  1,  2,  ...,  n  and  when  t  <  iAt  t  —  £At  =  0  for  all  £  = 

=  i,  ...,  n,  and  for  maximum  angular  velocity,  if  in  (2.20)  we  place 
the  value  of  current  time  f  .  TYlov  =  (i  -  1)  At  at  the  moment  of  supply 

V  x  ITlcLX 

of  the  next  pulse 

whore  1=1,  2,  ...,  n  and  when  t  <  iAt  t  —  £At  -  q  for  an  £  = 

l- j  •••_>  n. 

In  the  calculation  of  (2.21)  from  (2.19)  there  follows  a  rela¬ 
tionship  that  connects  the  limitations  on  each  of  the  pulses  with  the 
magnitudes  of  all  preceding  pulses 

{2-22) 

C-i 

where  £  =  1,  2,  . ..,  n.  At  =  0  when  i  =  1,  and  b  is  found  according 
to  (2. It). 
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ally  process  a  given  programmed  pitch  signal  $*,  is  simply  connected 

with  pulse  duration  and  may  he  easily  found  from  (2.25)  if  we  consider 

that  the  last  signal  of  the  program  is  characterized  by  the  value  of 

v  ■-  ± 

‘  n  x* 

We  will  then  be  able  to  write 

1  =  bfn  -  (n  -  l)e 


At 

‘  T 


(2.24) 


whence  it  follows  that  permissible  n  should  satisfy  the  relationship 

«>  (2.25) 

.  to-.'7') 

and,  conversely,  on  the  basis  of  given  n  from  (2.25)  we  will  be  able 
to  determine  the  permissible  pulse  duration: 


at  >  T  m  (2,26) 

It  is  obvious  that  due  to  the  arbitrariness  in  the  assignment  of 
one  of  the  magnitudes  At  or  n  the  time  of  processing  of  the  program 
tine  =  (n  -  l)At,  which  is  necessary  for  the  achievement'  of  the  same 
value  of  the  programmed  signal,  will  be  different.  However,  as  one 
may  see  in  (2.25)  and  (2.26),  with  the  increase  of  quantity  of  pulses 
it  will  decrease  and  asymptotically  approximate  its  own  limit  according 
to  logarithmic  law.  By  using  this  property  it  is  possible  to  find, 
in  a  certain  sense,  an  optimum  (with  respect  to  high-speed  opera¬ 
tion)  program  by  selecting  n  and  At  which  respond  to  ^  , 
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close 


to  limiting.  For  that  it  is  possible  to  assign  a  gradient  of  decrease 
in  operating  time  of  the  program  depending  upon  the  amount  of  pulses 


In 


*«  —  1  I 


c 


(2.27) 


(where  t^nc  =  At  =  —  are  the  dimensionless  time  of  inclusion 

and  pulse  duration,  c"  =  ^  is  the  gradient),  and  either,  by  solving 
(2.27),  to  determine  optimum  n  =  n(b,  c),  or  on  the  graphs  of  t^  = 


=  ~inc  (n,  b)  to  find  n  =*  n(b),  for  given  c".  Practically,  when 
c  =  0.05-0.1  "t,  will  be  limiting.  Optimum  n  =  n(b,  c),  which  is 
found  by  the  second  method,  is  given  in  Fig.  3.  The  method  of  eval¬ 
uating  a  programmed  maneuver  entry  may  be  the  following:  depending 
upon  b,  on  the  graphs  in  Fig.  3  we  find  the  optimum  (with  respect  to 
time  of  inclusion)  n  =  n(b,  c),  then  with  (2.26)  we  calculate  the 
pulse  duration  At;  according  to  (2.23)  we  construct  the  program  itself 
k^  =  k^(b,  Atn);  finally,  with  (2.18)  and  (2.12)  we  calculate  the 
losses  in  altitude  and  range. 

Further  correction  of  programs  construc¬ 
ted  according  to  the  proposed  system  as  first 
approximations  should  consist  mainly  in  the 
selection  of  automatic  pilot  transmission 
ratios,  that  ensure  the  given  quality  of 
stability  of  short-periodic  motion,  and  can 
be  carried  out  with  the  help  of  known  methods. 
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SPEED  OF  PROPAGATION  OF  A  FLAME  IN  AN  OPEN  AND 
LIMITED  FLOW  OF  UNIFORM  MIXTURE 

V.  M.  Yermolayev  and  A.  V.  Talantov 

Definitions  of  Cyrillic  Items 
t  =  fl  =  flame 

h  =  n  =  normal 

M  _  m 
ceK  ~  sec 

The  process  of  burning  in  engine  combustion  chambers  occurs  in 
a  flow  limited  by  the  walls.  The  majority  of  experimental  researcli 
in  burning  till  now  was  carried  out  in  an  open  flow.  The  question  of 
the  possibility  of  using  the  results  of  an  experiment  which  were 
obtained  in  an  open  flow,  in  examining  the  processes  of  burning  in  a 
flow  limited  by  ’walls,  has  not  been  considered  by  anyone. 

Tnis  work  analyses  this  question  and  gives  the  results  of  a 
specially  set  up  experiment. 

Burning  in  a  free  flow  attracts  attention  by  the  simplicity  of 
the  conditions  of  the  experiment.  The  torch  is  open;  therefore,  it 
is  possible  to  observe  it  and  to  easily  fix  the  position  of  the  flame 
front  and  the  burning  zone.  However,  the  possibilities  of  studying 
burning  in  a  free  flow  are  restricted  by  the  limits  in  which  the  flow 
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preserves  its  characteristics  and  composition.  Usually  these  limits 
constitute  several  gauges  of  burner  pipe.  The  advantages  of  studying 
burning  in  a  flow  that  is  limited  by  walls,  with  the  extreme  complexity 
of  the  experiment,  are  the  invariability  of  composition  of  mixtures, 
the  unlimited  possibilities  of  studying  the  process  through  the  length 
of  a  pipe,  and  the  proximity  of  the  experiment  to  conditions  of  the 
process  in  chambers. 

Burning  in  an  open  and  a  limited  flow  has  certain  inherent  gas- 
dynamic  peculiarities.  In  the  case  of  an  open  flow  the  gases  have  the 
possiblility  of  expanding  in  transverse  direction,  since  they  are  not 
limited  by  walls.  There  is  no  drop  in  pressure  in  the  direction  of 
flow  in  the  surrounding  space]  therefore,  the  speeds  of  the  combustion 
products  and  the  fresh  mixture  in  axial  direction  are  kept  practically 
unchanged  and  equal. 

The  presence  of  limiting  wails  in  a  closed  flow  excludes  the 
possibility  of  expansion  of  gases  in  transverse  direction.  Due  to  the 
continuous  feed  of  heat  there  occurs  expansion  of  gases,  a  drop  in 
pressure  along  the  length  of  the  chamber,  and  an  increase  in  the  rate 
of  flow  of  combustion  products  and  the  fresh  mixture. 

These  peculiarities  of  flow  can  render  an  influence  on  the  pro¬ 
cess  of  burning. 

First,  the  change  of  the  rate  of  flow  in  the  course  of  burning 
in  a  limited  flow  may  cause  a  change  in  the  form  of  the  flame  front 
and  the  entire  torch,  as  compared  to  a  torch  in  an  open  flow,  even 
with  the  preservation  of  constancy  of  the  speed  of  flame  propagation. 
However,  the  dimensions  of  the  surface  of  the  flame  front,  in  accord- 

j 

ance  with  Michelson's  la.w,  will  then  remain  constant.  Actually,  the 
volume  flow  rate  of  mixture  (V)  is  the  product  of  the  speed  of  flame 
propagation  (u.^)  on  the  surface  of  the  flame  front  (F) : 
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(1) 


-F. 

With  the  equality  of  flow  rates  and  the  speed  of  flame  propagation  for 
both  cases  F  -  const  is  inevitable. 

In  Fig,  1  the  solid  line  depicts  the  position  of  the  flame  for  a 
flat  torch  in  an  open  flow  with  ignition  on  the  periphery;  the  dotted 
line  indicates  position  of  the  flame  In  a  limited  flow  in  a  channel 
of  constant  size.  The  point  of  closing  of  flame  fronts  shifts  due  to 
the  change  in  form  of  the  generator  ( front ),  with  its  constant  length. 
As  calculations  showed  [1],  the  shift  is  usually  insignificant  (<  5$) • 
Consequently,  even  for  a  turbulent  chamber  that  is  variable  in  length, 
such  a  shift  will  render  no  perceptible  influence  on  the  speed  of 
flame  propagation. 


Fig.  1.  Position  of  flame  in  an  open 
flow  (— )  and  in  a  chamber  (-  -  -)„ 

KEY;  (a)  Ignition  points;  fbl  fresh 
mixture;  (c)  flame  fronts;  (d)  burning 
zone. 

Secondly,  a  change  in  the  rate  of  flow  can  render  a  direct  influ¬ 
ence  on  the  speed  of  flame  propagation. 

In  general,  the  speed  of  flame  propagation  in  a  turbulent  flow 
of  uniform  mixture  is  a  function  of  the  pulsational  rate  of  flow  (w>), 
the  normal  speed  of  flame  propagation  (u„%),  and  the  degree  of  expan¬ 
sion  ( 0 ) : 

(2) 

The  normal  speed  and  the  expansion  ratio  are  phy s jo al- chemical  charac¬ 
teristics  of  the  mixture  and  upon  transition  from  an  open  flow  to  a 
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closed  one  with  other  parameters  being  constant  do  not  change.  Thus, 
the  single  parameter  that  determines  the  speed  of  flame  propagation 
and  can  be  changed  depending  upon  the  conditions  of  expansion  is  the 
pulsational  speed. 

In  a  flow  that  is  limited  by  walls  the  speed  of  the  mixture 
increases  with  burning  out.  If  we  consider  that  the  pulsational  speed 
follows  the  change  of  the  rate  of  flow,  then  various  sections  of  the 
flame  front  will  correspond  to  different  magnitudes  of  pulsational 
speed  and  the  considered  section  Is  located  even  further  away  from  the 
ignition  point.  The  biggest  increase  can  be  expected  in  the  section 
that  is  close  to  the  point  of  closing  of  the  flame  fx'ont.  In  this 
section,  burning  out  for  the  most  commonly  used  parameters  of  flow 
and  mixture  constitutes  0.05-0.1.  The  increase  in  the  rate  of  flow 
of  fresh  mixture  will  be  equal  to  0.1-0, 2.  If  the  pulsational  speed 
also  increases  by  this  magnitude,  then  the  speed  of  flaxne  propagation 
at  the  fjoint  of  encounter  of  fronts  will  constitute  1.1-1.16  of  the 

o  8 

initial  speed,  since  ufl  ~  (w1)  *  [2],  The  average  (with  respect  to 
the  torch)  velocity  of  flame  propagation  increases  even  less  and  will 
constitute  ~  1.08  of  the  initial  velocity,  since  burning  out  and  growth 
of  the  rate  of  flow  along  the  length  of  the  chamber  occur  in  an 
S-shaped  curve.  In  reality,  the  pulsational  speed  in  a  convergent 
flow  will  lag  behind  the  change  of  the  rate  of  flow.  This,  In  partic¬ 
ular  is  confirmed  by  experiments  with  geometric  compression  of  flow. 
Consequently,  the  change  in  the  pulsational  rate  of  flow  and  the  rate 
of  propagation  of  the  flame  will  constitute  an  even  smaller  magnitude. 

For  a  comparison  of  the  magnitudes  and  dependences  of  the  rates 
of  flame  propagation  in  an  open  and  a  closed  flow  we  set  up  special 
experiments  with  a  uniform  gasoline-air  mixture.  The  set  up  is 
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selected  in  such  a  manner  that  a  further  increase  of  it  did  not  change 
the  recorded  position  of  the  flame.  Consequently,  in  the  experiment 
we  determined  the  front  boundary  of  the  burning  zone  —  the  flame 
front  —  the  ignition  front.  With  the  dimensions  of  the  flame  surface 
and  volume  flow  rate  know  from  processing  of  the  photorecordings,  with 
a  relationship  similar  to  (1),  we  determined  the  rate  of  flame  propa¬ 
gation  . 

The  experiment  was  conducted  at  atmospheric  pressure  and  temper¬ 
ature  of  the  mixture  423°  abs,  and  the  composition  of  the  mixture 
varied  from  a  =  1.0  to  a  =  1.5,  while  the  rate  of  flow  varied  from  20 
to  80  m/s ec  (see  Fig,  3  for  results). 


propagation  in  an  open  turbulent  flow 
on  mixture  composition  for  different 
rates  of  flow. 


i 


On  the  graphs  in  Figures  4  and  5  we  have  plotted  the  values  of 
the  rate  of  flame  propagation  in  a  turbulent  flow  as  a  function  of 
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which  wore 


mixture  composition:  the  points  uepict  the  values  ol'  u^ 
obtained  in  an  experiment  with  an  open  flow  with  removed  combustion 
chamber;  the  curves  —  according;  to  the  results  ol  experiments  in  a 
How  limited  by  walls  —  in  a  combustion  chamber. 

From  a  consideration  of  the  graphs  a  conclusion  can  be  made  about, 
the  insignificant  distinction  of  the  magnitudes  of  rate  of  flame 
propagation  in  an  open  and  limited  flow  ( -x  '_"*?)  .  The  character  of  the 
dependences  of  speed  u^  on  different  parameters  for  a  chamber  and 
a  free  flow  is  absolutely  identical.  Ac.  should  have  been  expected, 
the  rate  of  flame  propagation  in  the  chamber  is  somewhat  greater  than 
in  an  open  flow.  However,  this  distinction  is  less  than  on  the  assump¬ 
tion  of  the  proportionality  of  the  pulsation  rate  and  the  rate  of  flow. 
Consequently,  the  pulsation  rate  in  an  accelerated  flow  changes  slower 
that:  the  rate  of  flow. 

An  indirect  judgement  about  the  insignificant  change  in  the  rate 
of  flame  propagation  by  means  of  acceleration  of  flow  in  a  chamber  may 
be  also  made  from  an  analysis  of  the  results  of  the  experiment  of 
V.  P.  Solntsev  [3].  In  [3]  Solntsev  investigated  the  process  of 
combustion  of  a  uniform  gasoline-air  mixture  behind  linear  stabilizers 
in  conditions  of  a  closed  flow.  The  investigation  was  produced  in 
20C  x  175  at  normal  pressure  ana  temperature  of  400°  abs.  The  rate 
of  flame  propagation  was  determined  by  the  angle  between  the  surface 
of  the  flame  front  and  the  direction  of  flow  in  a  number  of  points  on 
the  cone  length.  It  was  determined  that  the  local  speed  of  flame  prop¬ 
agation  on  the  length  of  the  chamber  changes  in  proportion  to  the 
pulsatlonal  speed  determined  in  a  cold  flow  before  burning.  This  means 
that  the  process  of  burning  does  not  cause  a  noticeable  change  of 
pulsatlonal  speed  of  the  forward  flow  on  the  cone  length  of  the  closed 
flame  fronts. 
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The  dependences  of  speed  of  flame  propagation  in  a  free  turbulent 
flow  were  experimentally  studied  in  the  works  of  L.  S.  Kozachenko  [4], 
A.  V.  Talantov  [5],  and  other  authors. 

The  results  of  the  experiment  of  [5]  for  a  wide  range  of  initial 
conditions  during  burning  in  an  open  flow  can  be  described  by  the 
dependence 


where  A  =  1. 

As  a  result  of  treatment  of  experiments  of  our  work  [2],  for  a 
chamber  we  obtained  the  dependence 


* 


M 

AH- 1) 


inhere  A  =  1. 

The  distinction  in  dependences  was  very  small. 

For  a  comparison  of  the  results  of  the  experiment  in  a  closed  and 
open  flow  the  data  of  different  authors  are  depicted  in  coordinates 

of  the  form  — ^  —  0  -  f  /— \  (ELg.  6).  These  coordinates  ensue  from 
Un  \Un/  ; 

the  theory  of  burning  in  a  turbulent  flow.  It  is  not  difficult  to 
see  that  all  data  are  grouped  in  one  region,  practically  near  one  curve. 

Thus,  on  the  basis  of  a  consideration  of  the  peculiarities  of  the 
process  of  burning  in  an  open  and  limited  flow  of  uniform  mixture  and 
an  analysis  of  the  results  of  experiments  described  in  literature  and 
specially  set  up  by  us,  the  following  conclusions  can  be  made. 

The  magnitudes  and  the  character  of  the  dependences  of  rats  of 
flame  propagation  in  a  free  and  limited  flow  of  uniform  mixture  differ 
insignificantly;  in  first  approximation  this  distinction  can  be  disre¬ 
garded.  Consequently,  in  calculations  of  combustion  chambers  of  the 
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Fig.  4.  Rate  of  flame  propagation  Fig.  5.  Rate  of  flame  propagation 

for  an  open  and  closed  flow  depend-  for  an  open  and  closed  flow  depend¬ 
ing  upon  composition  of  the  mixture;  ing  upon  composition  of  the  mixture 

points  —  open  flow,  lines  —  chamber.  points  —  open  flow,  lines  —  chamber 


Ol 

u. 


Fig.  6.  Rate  of  flame  propagation  in  a 
turbulent  flow  of  uniform  mixture  according 
to  various  authors  in  dimensionless  coor¬ 
dinates. 

KEY:  (a)  plane  -jet  on  pipe  cutoff;  (b)  A.  V. 
Talantov  [5];  (c)  L.  S.  Kozachenko  [41;  (d) 
closed  chamber;  ( e )  V.  P.  Solntsev  [3];  (f) 
closed  chamber;  (g)  our  experiment. 


straight-through  flow  type*  which  operate  on  a  uniform  mixture,  it  is  j 

Jf 

possible  to  use  the  dependences  of  rate  flame  propagation  which  were  ; 

obtained  in  the  experiment  with  a  free  flow.  \ 
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INVESTIGATION  OF  AN  ULTRASONIC  GENERATOR  OF  A 

LIQUID  FUEL 

N .  S .  Lamekin 

Definitions  of  Cyrillic  Items 

CT  =  j  =  jet 
p  =  r  =  resonator 
c  =  n  =  nozzle 
rpafl  =  deg  =  degree 

nc  =  cs  =  constant  section 
bt  =  w  -  watt 
Kru  =  kc  =  kilocycles 
TeK  =  cur  =  current 
MdKC  -  max  =  maximum 

References  [1],  [2],  and  [5]  give  descriptions,  theoretical 
prerequisites,  and  results  of  an  investigation  of  an  ultrasonic 
burner . 

The  energy  source  of  this  burner  for  splitting  the  liquid  into 
drops  is  an  annular  gas-current  generator  mounted  in  body  J>  (I’ig.  1) 
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ihe  resonator 


and  differing  fi'oni  the  usual  type  by  the  fact  that: 
cavity  has  a  round  rod  7 


arc eu id  w  1  r a. i i  ts.ii  cu ri iu j~ <x r  cd v r \j  is  feiiueo. 


A 


II 


The  nozzle  works  with  excess  pressure  in  a  jet  equal  to  0.43.10  — 

iiT 

P  i 

the  degree  of  noncalculation  n  =  =■•  4  ana  M  -  1 .  Under  the  action 

of  ultrasonic  oscillations  that  appear  in  resonator  5,  tire  jet  of 
liquid  at  the  radial  clearance  outlet  4  is  broken  up  into  drops. 

In  distinction  from  the  generators  of  Bergman  [4]  and  V.  P.  Kurkin, 
the  investigated  generator  is  significantly  less  in  weight  and  is 
noiseless,  which  excludes  the  necessity  of  protective  means. 

Up  to  now  the  physical  nature 
of  oscillations  excited  by  an  annular' 
generator  has  not  been  studied  and 
there  are  no  theories  and  methods  for- 
calculating  the  parameters  of  con¬ 
structions.  Assuming  that  displace¬ 
ment  of  air  particles  from  the  posi¬ 
tion  of  equilibrium  C  is  proportional 
to  cos  (nt  +  e),  it  is  possible  on 
the  basis  of  the  theory  of  plane  waves 
[5]  to  write  the  differential  oscil- 


?  6 


Fig.  1.  Diagram  of  burner 
with  generator.  1  —  body, 

2  —  entry  of  liquid  into 
burner  chamber,  3  —  body  of 
burner,  4  —  radial  clear¬ 
ance  for  outlet  of  liquid, 

3  —  generator  chamber,  6  — 
annular  nozzle  of  generator, 
7  —  generator  rod,  8  —  inlet 
channels  for  air. 


lation  equation  in  the  form  of 


(i) 


where  a  is  the  speed  of  sound. 

The  solution  of  equation  (1),  taking  into  account  forced  oscilla¬ 
tions  of  given  frequency  w/2irt  when  the  axis  of  the  resonator  at  point 
x  =  0  supports  an  oscillation  of  £  =  A  (cos  tut  +  e),  and  the  opposite 
end  of  this  resonator  at  a  distance  of  x  =  Z  is  closed,  will  have  the 
following  form: 
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C— — • fin ^ — ~*C08(«/  +  •).  (9) 

*■-  * 

* 

However,  equation  (1)  does  not  consider  the  losses  in  the  resonator, 
which  are  connected  with  radiation  of  spherical  waves  at  the  open  end. 
Therefore,  it  follows  to  find  the  section  ip,  where  the  transition  from 
plane  wave  to  spherical  is  carried  out.  On  the  section  before  this 
transition  we  shall  write  the  velocji^  potential 


qp  =  A  cos  k(Z  —  x),  (5) 

/  Pit  \ 

wnere  k  is  the  wave  number  j  k  =  =  —  )  . 

Using  an  electrical  analogy  we  shall  find  the  magnitude  of  flow  as  the 
product  of  the  rate  of  flow  and  the  inlet  area  of  the  resonator 

(*0 

the  velocity  potential  at  the  point  where  x  =  0,  will  be 

cp  =  A  cos  kZ  .  (5) 


q  ~  S3?  *  F' 


Then 


Finally  we  have : 

ctg  kl  —  ft- 

The  transcendental  equation  (6)  is  solved  graphically  (Fig.  2). 

The  points  of  intersection  of  lines  y  =  x  =  ^k  with  the  curve 
y  =  cot  x  =  cot  kZ  will  give  the  roots  of  equation  (6) .  Considering 
that  V'k  is  small,  we  shall  obtain  a  second  solution  of  equation  (6) 


kl. 


(6) 


k  (Z  +  ip)  =  m  +  75  ir. 


(7) 


where  m  is  an  integer. 

The  solutions  of  equation  (6)  and  (7)  allowed  us  to  calculate  the 
length  of  the  resonator  Zr.  The  resonator  is  designed  in  such  a 
manner  so  that  it  is  possible  to  change  its  length  in  accordance  with 
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the  required  frequency.  The  powers 
and  frequencies  are  measured 
depending  upon  the  wedge  angle  of 
the  resonator  7,  the  distance  of 
the  resonator  from  the  nozzle 
cutoff  A,  the  material  of  the 
resonator  walls,  and  the  drop  in 
air  pressure  in  the  generator. 

An  investigation  of  a  gen¬ 
erator  model,  and  then  a  generator, 
was  conducted  on  an  installation 
whose  diagram  is  shown  in  Fig.  3. 

We  obtained  the  dependence  6  = 

=  f(p),  i.e.,  we  found  the  deflec¬ 
tion  of  the  jet  with  the  change  of  ambient  pressure,  and  we  also 
studied  the  boundary  layer  effect  xQ  =  f(p).  Separation  of  the 


Fig.  3.  Diagram  of  installation  for  investiga¬ 
tion  of  a  generator  model  in  pipe  T-2.  1  — 

metallic  insert,  2  —  attachment,  3  —  model  of 
generator,  4  -  branch  pipe  for  attaching  model, 
5  —  butterfly  valve. 

KEY:  (a)  shadow  installation  TE-21;  (b)  model 

of  generator,  3;  (c)  T-2  section;  (d)  to  vacuum 
pump , 


y 


aaanaginEaannanass 


Fig.  2.  Graph  for  the  solution 
of  the  equation  cot  kl  =  tf/k. 
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Pig.  4.  Deflection  of  gas  jet  flowing  from 
nozzle  of  generator  model  depending  upon  pres 
sure  in  pipe  0  =  f(p). 


Fig.  5.  Separation  of  boundary  layer 
depending  upon  deflection  of  gas  jet 
xQ  =  f(9). 

boundary  layer  occurs  at  length  xQ  from  the  nozzle  cutoff.  A  picture 

t 

of  the  process  is  represented  in  Fig.  4. 

Figure  5  shows  the  dependence  xQ  =  f(0).  On  the  basis  of  the 
obtained  results,,  the  diameter  of  the  resonator  can  be  recommended 
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within  the  limits  of  1  <  -r^-  <  1.2.  The  experiment  established  that 

an 

the  power  and  frequency  of  the  generator  with  the  change  of  wedge  angle 
7  remain  constant.  . 

Investigation  of  the  generator  was  conducted  on  an  installation 
whose  diagram  is  given  in  Fig.  6.  Before  beginning  the  test  the 
generator  was  assembled  in  body  4  so  that  its  clearance  A  was  estab¬ 
lished  in  the  focus  of  parabolic  reflector  6.  The  generator  was 
fastened  to  housing  6  and  was  joined  to  the  compressor  through  filter 
1  and  receiver  3  by  a  hose. 

In  the  section  that  housed  the  mechanical  drive  of  piezoelectric 
transducer  11,  we  secured  a  paralon  9  for  absorption  of  ultrasonic 
waves  from  the  parabolic  reflector.  This  removes  interference  of  the 
face  and  lateral  surfaces  of  housing  7. 

The  piezoelectric  transducer  was  placed  on  frame  12.  Its  move¬ 
ment  along  the  radius  was  carried  out  by  an  electric  motor  8  through 
a  transmission  system  which  allowed  us  to  fix  the  uniformity  of  the 
sound  field  from  periphery  to  center.  Electric  motor  10  ensured 
rotation  of  frame  12  and,  if  necessary,  moved  it  along  guides  A  and  C. 

In  one  turn  of  frame  12  the  piezoelectric  transducer  moved  10  mm  along  _ 
the  radius,  thus  exhibiting  the  uniformity  of  the  sound  field  around 
the  circumference. 

The  experiment  used  the  following  equipment:  amplifier,  milli- 
voltmeter,  frequency-spectrum  analyzer,  and  sonic  pressure  recorder. 

Air  pressure  in  the  generator  was  controlled  by  manometer  5. 

In  the  process  of  testing  we  investigated  the  influence  of  the 
length  of  the  resonator  l  and  its  distance  from  the  nozzle  cutoff  A 
on  the  acoustic  characteristics  of  the  generator.  We  obtained  the 
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dependences  ¥  =  f(A)  and  v  =  f(A)  when  Zr  =  const,  and  also  W  =  f(lr) 
v  =  f (2  )  when  A  =  const,  as  represented  in  Pig.  7  and  8*  As  can  be 
seen  from  Fig.  7>  maximum  power  is  obtained  for  the  generator  with 
l  =  2.5  and  A  =  2.5  mm,  and  maximum  frequency,  for  the  one  with  = 
=  5.0  and  A  =  3  mm.  Prom  the  graph  it  is  clear  that  minimum  power  is 
registered  for  the  resonator  with  chamber  l  =»  7  mm,  and  frequency, 
l  =  9  mm.  The  generator  that  operates  with  A  =  1.5  mm  and  different 
chamber  lengths  gave  the  lowest  power,  while  the  lowest  frequencies 
were  given  by  the  generator  with  A  =  4  mm. 


Fig.  6.  Diagram  of  installation  for  removal  of  the 
acoustical  characteristics  of  a  generator. 

KEY:  (a)  control  panel;  (b)  motor;  (c)  reducer; 

(d)  air. 

The  measured  frequencies  with  different  l  differ  from  the 
theoretical  ones  by  no  more  than  on  5$  (see  table).  Coincidence  of 
data  of  the  experiment  with  theory  is  obtained  when  the  resonator  is 
located  from  the  nozzle  cutoff  at  a  distance  not  less  than  f  (6)  and 
(7). 
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Fig.  7.  Dependence  of  generator  power 
and  frequency  on  the  change  of  clearance 
A  W  =  f  ( A)  ^  y  =  f ( A)  with  constant 

length  of  resonator  chamber  l ^  =  const. 
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Fig.  8.  Dependence  of  generator 
power  and  frequency  on  the  change 
of  chamber  length  W  =  f(Zr),  v  = 

=  f(lr)  with  constant  resonator 

clearance  A  =  const. 

KEY:  (a)  wood  (maple);  (b)  tex- 

tolite;  (c)  organic  glass. 
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Table 


A  mm 

lr 

cm 

vex 

cps 

vfl  =  m  2T7 

cps 

VP  =wfrTT 
cps 

6$ 

2 

0.8 

55000 

:  59IOO 

51500 

4.6 

2 

0.9 

28000 

54800 

29400 

4.6 

2 

1.0 

19000 

51500 

18200 

4.2 

By  reconstructing  the  set  of  curves  W  =  f(A)  in  dimensionless 
coordinates,  we  can  obtain  a  curve  that  is  approximated  by  the  equation 


(8) 


with  coefficients  A  =  1  and  n  =  0.02. 

By  assigning  the  generator  power,  we  find  dimensionless  parameter 
W 

_  cu.r 

W  =  y  =  - .  Maximum  power  is  selected  for  the  corresponding  l  . 

wmax  r 

The  generator  ensured  reliable  work  with  a  frequency  from  10  to 
50  kilocycles,  and  also  a  uniform  sound  field  both  around  the  radius 
and  also  around  the  circumference.  Its  efficiency  was  6$.  The  acous¬ 
tic  characteristics  of  resonators  made  from  copper,  textolite,  organic 
glass,  and  wood  are  analogous  to  the  characteristics  of  resonators, 
made  of  steel.  We  have  experimentally  established  that  high-frequency 
oscillations  of  the  generator  originate  from  oscillations  of  a  column 
of  air  in  the  annular  cavity  of  the  resonator. 
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INVESTIGATION  OF  A  PARTIAL  TURBINE 


V.  N.  Zanadvorova  and  V',  A.  Podgornov 

Definitions  of  Cyrillic  Items 
cp  =  av  =»  average 
reoM  =  geom  =  geometric 
a#  =  ad  =  adiabatic 
oriT  =  opt  =  optimum 
b  =  w  =  windage 
Mane  =  max  =  maximum 

In  the  designing  of  turbines  with  low  gas  flow  rates  there  appears 
the  necessity  of  employing  fractional  or  partial  gas  feed  to  the  rotor 
wheels . 

The  characteristics  of  turbines  with  partial  feed  have  a  number 
of  pecularities  which  are  explained  by  the  forming  of  additional  losses 
of  energy  which  are  known  in  literature  under  the  name  of  windage 
losses  and  knocK-out  losses. 

This  classification  of  losses  in  a  partial  turbine,  which  is 
formal  to  a  certain  extent,  does  not  exclude  the  complexity  of  the 
gas-dynamic  phenomena  that  accompany  the  gas  flow  in  it.  Thus,  upon 
introduction  of  partialitity  the  internal  turbine  performance  is 
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lowered  due  to 


1)  the  fan  action  of  the  moving  blades  that  do  not  receive  a  jet 
of  working  gas  at  a  given  moment, 

2)  the  friction  of  surfaces  of  nonworking  cascade  parts  againBt 

the  gas, 

3)  the  irregularities  of  gas  parameters  along  the  active  arc  of 
feed  which  causes  the  phenomenon  of  instability, 

4)  suction  and  leakage  of  gas  from  the  active  feed  arc  to  the 


inactive. 


5)  discontinuity  of  gas  entry  into  the  partial  wheel,  as  a  result 
of  which,  in  the  extreme  channels  the  gas  on  one  side  of  the  feed  arc 
is  accelerated,  and  is  braked  on  the  other. 

Total  lowering  of  rj1  is  not  caused  by  the  influence  of  each  of 
these  factors  separately,  but  by  their  Interconnection. 

For  turbines  with  different  geometric  and  regime  parameters  the 
influence  of  partial  feed  on  the  characteristics  is  unequal.  The 
existing  methods  of  estimating  energy  losses  from  partial  feed  are 
based  on  an  experiment  with  one  or  several  types  of  turbines  (stages) 
and  do  not  consider  all  factors  that  affect  the  losses;  therefore,  the 
use  of  recommendations  of  different  authors  for  calculation  gives  a 
noncoincident  result. 


Fig.  1.  Diagram  of  turbine 
blading . 


For  accumulation  of  experimental 
data  that  characterizes  losses  with 
partial  gas  feed,  we  conducted  an 
investigation  with  a  single-stage 
turbine . 

We  tested  an  active  turbine, 
whose  blading  diagram  is  represented 
in  Fig.  1.  From  the  nozzles  the  air 
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=  27°)  were 


flow  emerged  at  an  angle  of  =  24°, 

Moving  blades  of  symmetric  profile  (p±  geom  =  geom 
equipped  with  a  tape  band. 

In  the  process  of  testing  we  changed  the  degree  of  partiality 
from  e  =0.1  to  e  =  0.5  by  covering  a  group  of  nozzle  channels  from 
the  inlet  and  outlet  sides. 

The  characteristics  of  the  turbine  were  taken  at  a  constant  drop 

that  corresponds  to  Xad  =  0,81.  The  degree  of  reactance  on  the  average 

diameter  was  equal  to  zero.  The  change  in  parameter  u/cad  was  carried 

out  by  changing  the  turbine  speed  by  means  of  changing  the  shaft  load. 

Tests  were  conducted  with  different  combinations  of  the  magnitude 

of  axial  6  and  radial  clearances, 
a  r 

As  a  result  of  the  tests  we  obtained  curves  of  change  of  effective 

performance  ri  from  e,  5  .  (Figs,  2,  J>,  and  4). 

e  cad  a  r 
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Fig.  2.  Turbine  characteristics  when  e  =  0.5. 
1)  6r  =  1.2,  6a  =  4,  2)  6r  =  3,  =  4,  3)  »r  = 

-  1.2,  6a  -  10.* 


*Here  and  in  the  following  notations  under  the  figures  the 
clearance  values  are  given  in  mm. 
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The  given  characteristics  show  that  a  decrease  in  the  degree  of 
partiality  lowers  the  maximum  value  of  t)  and  leads  to  a  decrease  in 

f -7 —  \  that  corresponds  to  it.  An  increase  of  both  the  radial, 

\  ad  /  opt 

and  axial  clearances  significantly  lowers  T)e  at  all  values  of  the 
degree  of  partiality.  In  this  case,  the  greatest  lowering  in  perform¬ 
ance  is  observed  under  optimum  conditions. 

Inasmuch  as  axial  and  radial  clearances  render  such  a  significant 
influence  on  the  characteristics  of  a  partial  turbine,  it  is  important 
to  estimate  the  lowering  of  its  performance  with  one  of  these  clearance 
sizes. 


Fig.  3.  Turbine  characteristics  when  e  =  0.3. 

1)  6r  =  1.2,  5a  =  4  mm,  2)  6r  =  2,  6&  =  4  mm, 

3)  6r  =  3,  &a  =  4  mm,  4)  6r  =  1.2,  &a  =  7, 

5)  5r  =  1.2,  6a  =  10. 

Under  optimum  conditions  the  performance  of  a  partial  turbine  is 
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r 


Pig.  4.  Turbine  characteristics  when  e  =  0.1. 
1)  6r  =  1.2,  Ba  =  4,  2)  6r  =2,  6a  -  4,  3)  6r  = 

-  3.  6a  =  »,  «)  \  -  1-2.  5a  -  7,  5)  E,r  =  1.2, 


6a,10. 


P  =  i 

where  is  the  effective  performance  of  this  turbine  at  full 

gas  feed, 

£  is  the  coefficient  of  windage  losses  of  the  partial 

turbine  with  6  =  0  and  6„  =0, 

r  a. 

£  ,  are  the  loss  factors,  caused  by  the  presence  of  corre- 
4i  A  spondingly  axial  5  and  radial  6  clearances. 


This  classification  of  losses  in  a  partial  turbine  is  conditional, 
but  from  our  point  of  view  it  is  a  convenience.  Unconditionally,  each 
of  the  three  loss  factors  in  turn  depends  on  many  factors,  geometric 
and  regime,  including  the  degree  of  partiality  e. 

Figure  5  shows  the  trend  of  curves  n  (n  under  optimum 

conditions)  with  a  change  in  the  degree  of  partiality  at  different 
axial  and  radial  clearances.  Here  the  dotted  line  shows  curves 

=  f(e)  when  6=0  and  =  0,  which  were  obtained  conditionally 

by  means  of  linear  extrapolation  of  experimental  curves 


213 


%  max  =  f<V  £>  ^  %  max  =  f<6r’  e>- 

The  dependences  shown  in  Fig.  5  make  it  possible  to  quantitatively 

estimate  the  influence  of  axial  and  radial  clearances  on  ti  of  the 

test  turbine.  For  every  value  of  the  degree  of  partiality  e 

(  a  Z*- _ _*<W 

V  Vm  wi  * 

where  index  i  corresponds  to  the  value  of  the  axial  and  radial  clear¬ 
ances  that  take  place  in  the  experiment.  A  change  in  the  degree  of 
partiality,  as  already  indicated,  causes  a  change  in  £  and  £  .  These 
dependences  are  shown  graphically  in  Fig.  6,  and  from  their  considera¬ 
tion  it  is  clear  that  with  a  decrease  in  e  the  influence  of  clearances, 
especially  the  radial,  increases. 


Fig.  5.  Effective  performance  under  optimum  con¬ 
ditions  for  different  e. 


a)  5 


4)5  =  10. 


b)  6a  =  4 


In  order  to  obtain  the  values  of  £  it  is  necessary  to  know 
n  when  e  =  1.  Because  of  its  design,  the  test  turbine  did  not 

6  ITlclX 
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a 


b 


Pig.  6.  Values  of  coeffi¬ 
cients  £  and  £  for  dif- 

9.  i 

ferent  e. 


allow  us  to  carry  out  full  gas  feed. 
On  the  basis  of  available  reference 
material  it  is  possible  with  an 
accuracy  that  is  sufficient  for 
practical  purposes  to  consider  that 
in  the  range  of  0.3  <  e  <  1  the 
turbine  performance  under  optimum 
conditions  changes  in  proportion  to  e. 
If,  by  taking  into  account  this 
assumption,  we  extrapolate  curve 

ne  max  =  f(e)  t0  the  value  of  e  =  1, 
then 


Such  extrapolation  of  the 

experimental  curve  of  n  was 

‘e  max 

performed  for  6  =  4  mm  and  5  = 

cl  T 

=1.2  mm,  and  Fig.  7  shows  the  depen¬ 
dence  of  £w  on  e. 

It  Is  interesting  to  compare  the 
results  obtained  in  the.  experiment 
with  the  calculation  data. 

Calculation  with  the  formulas 


Fig.  7.  Values  of  given  in  different  works  was  produced 

coefficients  £  for 

w  by  taking  into  account  the  actual 

different  e. 

value  of  j  for  every  degree 

\  ad  /  opt 

of  partiality.  Figure  8  graphically  shows  the  results  of  the  calcu¬ 
lation.  Here,  for  comparison,  our  empirical  curve  £w  =  f(e),  is 
plotted;  the  curve  corresponds  to  performance  loss  when  6r  =  0  and 
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&  =  0.  Unfortunately,  most  of  the  investigators  whose  recommendations 

cx 

we  used  did  not  calculate  the  influence  of  clearances.  Let  us  assume 
that  in  the  experiments  that  were  proposed  on  the  basis  of  recommenda¬ 
tions,  the  axial  clearance,  just  as  the  radial,  was  reduced  to  minimum. 

Comparison  of  results  shows  that  in  the  range  of  0.3  <  e  <  0.5 
the  recommendations  of  Stodola  [7],  Traupel  [8],  and  Kerton  [5]  give 

values  of  £  ,  which  practically  coincide  with  the  ones  obtained  by  us. 
w 

When  e  <  0.3  the  computed  values  lie  lower  than  the  experimental  ones. 
With  calculation  by  the  formulas  of  Terent'yev  [3],  Mezheritskiy  [2], 
Linnecken  [6],  and  Chupirev  [4]  the  values  are  2-5  times  lower  than 
ours  and  hardly  differ  from  one  another. 

The  calculation  of  windage  losses, 
on  the  recommendation  MEI  (Moscow  Insti¬ 
tute  of  Energetics)  [1],  gives  a  result, 
that  exceeds  the  experimental  data  shown 
in  Fig.  8.  If  we  assume  that  in  the 
MEI  experiments  the  axial  clearance 
constituted  a  magnitude  of  the  order  of 
5  mm,  then  the  result  of  calculation  by 
the  MEI  formula  will  agree  well  with 
them  in  a  range  of  0.1  <  e  <  0.5. 

In  the  process  of  carrying  out  the 
experiments  we  measured  the  static  pres¬ 
sures  on  the  disk  diameter  that  passes 
through  the  middle  of  the  active  and  inactive  arcs  both  on  the  gas  inlet 
side,  and  also  on  the  gas  outlet  side.  The  experiments  showed  that 
at  all  values  of  e  the  pressure  on  the  inlet  side  is  less  than  on  the 
outlet  side.  This  can  obviously  be  explained  by  the  ejecting  action 
of  the  active  jet  which  sucks  gas  from  the  cavity  between  the  body 


Fig.  8.  Dependence  of 
£w  on  e  (according  to  dif¬ 
ferent  authors). 

KEY:  (a)  Chupirev;  (b) 

Mezheritskiy;  (c) 
Terent'yev;  (d)  Linnecken; 
(e)  Kerton;  (f)  Stodola; 
(g)  Traupel;  (h)  our 
experiments . 
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and  the  disk.  The  larger  the  active  arc,  the  bigger  the  mass  of  flow¬ 
ing  gas,  and  the  more  significant  the  evacuation  on  the  inlet  side  of 
the  disk. 

On  the  basis  of  distribution  of  static  pressures  we  calculated 
the  axial  force,  which  is  increased  in  proportion  to  e  and  is  directed 
opposite  the  main  flow. 

The  turbine  flow  coefficient,  which  usually,  means  the  relation 
of  the  actual  flow  rate  to  the  theoretical,  practically  remained 
constant . 


Conclusions 

Investigation  of  a  partial  active  turbine  showed  that 

1)  the  performance  of  a  partial  turbine  depends  not  only  on  the 
degree  of  partiality,  but  also  on  the  magnitude  of  the  axial  and 
radial  clearances,  which  agrees  with  the  indications  of  A.  D. 
Mezheritskiy; 

2)  the  maximum  value  of  performance  of  ti  at  50  and  8  is 

g  max  a  i* 

lowered  with  the  decrease  of  e  in  the  beginning  slowly;  then,  starting 
with  e  =  0.3,  quite  rapidly; 

3)  the  optimum  value  of 

the  degree  of  partiality; 

4)  the  turbine  flow  coefficient  with  the  change  in  the  degree  of 
partiality  practically  does  not  change; 

5)  a  comparison  of  the  coefficient  of  windage  losses  found  by  us 
with  the  magnitudes  dete. '•mined  by  formulas  known  from  literature  shows 
that  our  experiments  most  of  all  correspond  to  the  formulas  of  Stodola, 
Traupel,  and  (in  the  region  of  e  >  0.3)  Xerton.  Other  formula's  give 
underestimated  values  of  the  loss  coefficient,  especially  with  small  e. 


j  decreases  with  the  decrease  in 
cad  /  opt 
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Obviously,  the  magnitude  of  the  coefficient  of  windage  losses  is 
influenced  by  a  number  of  factors  that  are  not  considered  by  certain 
formulas . 
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HEATING  OP  A  LIMITED  VOLUME  OF  LIQUID 
THROUGH  PLATES 

M.  D.  Mikhaylov 


t 


B 


1 


0^6 

“T"J 


B, 


—  Biot  numbers. 


K 


c,  c^,  —  specific  heat  capacities  of  insulation  and  fuel, 

7,  7-  —  specific  gravity  of  insulation  and  fuel, 

S  —  surface  of  insulation, 

—  fuel  volume, 

cy  S&  , 

c7t7  V7  -  criterion. 


During  motion  of  aircraft  with  high  speeds,  as  a  result  of  the 
sharp  compression  of  air  and  the  friction  between  the  skin  and  the 
air,  a  large  quantity  of  heat  is  released.  If  flight  continues  for 
several  hours,  the  temperature  of  the  fuel  can  become  too  high.  Then 
it  is  necessary  to  heat-insulate  the  fuel  tanks  which  leads  to  an 
increase  in  the  dry  weight  of  the  vehicle.  A  question  of  determining 
the  relative  thickness  of  insulation  arises  during  the  designing  of 
aircraft  that  are  designed  for  a  maximum  flying  range. 

In  connection  with  this  we  shall  consider  the  problem  of  heating 
of  fuel  through  an  insulation  with  thickness  6.  (Thermal  rcci3 tance 
of  the  skin  can  be  disregarded.)  Thermal  insulation  is  taken  as  an 
unlimited  plate.  On  one  side  of  the  plate  when  x  =  0  there  is  a 
limited  volume  of  fuel  V^.  The  initial  temperature  of  thermal  insula¬ 
tion  and  fuel  is  identical  and  tQ  =  const.  At  the  initial  moment  of 
time  t  =  0  the  temperature  of  adiabatic  stagnation  in  the  boundary 
layer  is  taken  as  t  =  const. 

The  temperature  field  of  the  plate  is  described  by  the  equation 

-  (^>0.  o<€ < i)  (i) 

under  the  conditions 
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(2) 

(3) 

W 


•fcO)-q, 

'5-  B,!»(0,  f)— l/CF))  — 0, 

4! 


Equation  (4)  is  obtained  from  heat  balance  under  the  condition 
that  the  temperature  of  the  fuel  is  identical  everywhere. 

Here  f,  is  a  dimensionless  coordinate  that  is  the  relation  of  the 
current  coordinate  to  the  plate  thickness, 

t  -  t0 

q  •_  -  is  the  dimensionless  temperature, 

ra  " 

F  is  the  Fourier  number, 
and  B2  are  Biot  numbers, 

is  the  temperature  of  the  fuel, 

c*v  or 

K  =  - — -  y~  is  a  criterion  that  is  the  relation  between  the  accumu- 
f  *f  vf  lation  ability  of  the  insulation  and  the  accumulation 
ability  of  the  fuel, 

c  and  c„  is  the  specific  heat  capacity  of  the  insulation  and  the 
fuel, 

7  and  7f  is  the  specific  gravity  of  the  insulation  and  the  fuel, 

S  is  the  insulation  surface. 

For  a  solution  to  the  problem  we  shall  use  a  Laplace  transforma¬ 
tion  with  respect  to  variable  F.  The  solution  of  equation  (1)  can  be 
represented  in  the  form  of 

r(lt*)-C,ch?|'7+  C.ahlKl.  (5) 

The  boundary  conditions  (2),  (5),  and  (4)  can  be  written  in  the 
following  way : 

+  (6) 

~  7  (Q,«) +  *,(¥((),  «)-5(*)l-o,  (7) 

«)  +  a$(*)  -0.  ^ 
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(9) 


By  substituting  U"  (s)  from  (7)  into  (8),  we  have: 

-(-£-  +  *)  *'  (0,  a)  -f  s  MO,  s)  -  0. 

After  determining  constants  and  Cg  from  (6)  and  (9)  we  plac 
the  obtained  expressions  in  (5): 

_  _ (KB,  +  »)ch ;  VI  +  fl,  y~iih  i  _ 

'[{(' +t>+ «•) ■»  K-{('+t)«-t}^Kr]  ( 10  > 

Applying  the  expansion  theorem,  we  find 


APPLICATION  OF  THE  PRINCIPLE  OF  MINIMUM 
DISSIPATION  OF  MECHANICAL  ENERGY  TO 
THE  EQUALIZING  ACTION  OF  LATTICES 

Yu,  V.  Stepanov 

Definitions  of  Cyrillic  Items 
p  =  lat  =  lattice 
cp  =  av  =  average 

A  single  solution  to  the  problem  of  steady-state  motion  of  a 
viscous  fluid  in  a  certain  volume  is  possible  only  with  known  boundary 
conditions  on  the  surface  that  is  limiting  the  given  volume.  Inasmuch 
as  the  boundary  conditions  are  stipulated  by  the  actual  form  of  motion, 
the  problem  loses  its  definiteness.  In  a  number  of  cases  the  boundary 
conditions  are  incompletely  given.  Then  inside  the  considered  volume 
of  fluid  an  infinite  number  of  mathematically  equal  forms  of  motion 
can  be  realized.  For  an  approximation  to  an  actually  existing  form 
of  motion  it  is  necessary  to  either  make  additional  assumptions,  or 
apply  some  criteria,  which  would  allow  us  to  select  from  all  the 
mathematically  possible  forms  of  motion  one  form  that  could  be  observed 
and  actually  realized. 

As  criteria,  for  selecting  the  possible  form  of  motion,  in  the 
solution  of  certain  problems  variation  principles  of  maximum  flow 
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rate,  maximum  flow  of  mechanical  energy,  minimum  dissipation,  etc. 
are  applied.  During  the  last  few  years  we  have  conducted  work  on  the 
use  of  variation  criteria  of  stability  in  application  to  turbomachines 
[1],  We  have  proved  the  principle  of  maximum  flow  of  mechanical 
energy.  Its  application,  and  also  the  use  of  a  particular  case,  i.e., 
minimum  dissipation  of  mechanical  energy,  make  possible  a  new  approach 
to  the  investigation  of  motion  in  the  flow-through  part  of  turboma-’ 
chines  in  all  operating  conditions  (including  unstable  conditions). 
However,  the  value  of  these  principles  is  more  general.  Many  problems 
of ' aeromechanics  require  the  introduction  of  additional,  in  most  cases 
not  always  evident,  assumptions.  The  application  of  stability  criteria 
instead  of  these  assumptions  can  give  more  reliable  solutions. 

As  an  example  we  shall  consider  the  possibility  of  application 
of  the  principle  of  minimum  dissipation  of  mechanical  energy  to  the 
solution  of  .a  problem  about  the  equalizing  action  of  a  lattice  that 
is  placed  in  a  flow  with  regular  nonuniformity. 

The  question  of  the  equalizing  action  of  a  lattice  was  examined 
by  G.  I.  Taganov  and  is  discussed  in  [2], 

In  the  solution  (Fig.  1)  it  was  assumed  that  there  are  no  tan¬ 
gential  stresses  between  the  streams  and  between  the  streams  and  the 
walls  during  the  motion  of  a  fluiu  in  a  pipe  with  different  speeds. 

The  following  constants  were  taken: 

a)  static  pressures  in  sections  of  the  pipe  which  are  located 
far  in  front  of  and  behind  the  lattice, 

b)  the  axial  speeds  on  a  section  of  every  flow  tube  in  view  of 
the  small  initial  nonuniformity  and  smallness  of  transverse  speeds 
as  compared  to  axial  speeds. 


c)  the  resistance  factor  of  the  lattice  C 


AH 


lat 


2  through  a 


'lat 
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lattice 


Fig.  1.  Schematic  picture  of 
spreading  of  flow  in  front  of  a 
lattice  and  behind  it. 


section  of  the  pipe.  (It  is  also  taken  that  the  dimensions  of  tke 
lattice  cells  are  extremely  small  as  compared  to  a  section  of  the 
flow  tube.) 

By  jointly  solving  a  Bernoulli  equation  and  equations  of  discon¬ 
tinuity  and  momentum,  G.  I.  Taganov  obtained,  with  the  adopted  assump¬ 
tions,  the  magnitude  of  speeds  in  two  flow  pipes  at  a  distance  behind 
the  lattice,  thus  determining  the  quantitative  influence  of  the  net 
on  nonuniformity  of  flow. 

It  Is  necessary,  however,  to  indicate  that  with  the  application 
of  the  momentum  equation  additional  assumptions  are  introduced.  Thus, 
the  force  of  the  influence  of  the  lattice  on  the  flow  is  determined 
from  this  expression: 

x-x*  (i)  ; 

This  means  that  the  influence  of  elementary  lattice  sites  oil  the 
flow  over  an  entire  section  Of  the  flow  tube  is  equal  and  the  differ- 
ence  of  static  pressures  on  both  sides  of  the  lattice  is  constant  for 
each  of  the  flow  tubes.  "  - 

/  -  .;  ■  '  „  r 

/  ...  '•  * 

The  actual  picture  of  flow,  from  all  appearances,  differs  from 
the  accepted  diagram.  The  rearrangement  of  the  flow  in  front  of : the 
lattice  and  the  changes  in  the  area  of  each  flow  tube  and  speeds  with 
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respect  to  magnitude  and  direction  lead  to  a  different  force  interac¬ 
tion  of  every  elementary  lattice  site  with  the  flow.  Consequently, 
the  total  force  of  action  of  the  lattice  on  the  flow  depends  on  the 
sought  form  of  motion  and  cannot  be  described  by  equation  (1). 

Application  of  the  principle  of  minimum  dissipation  of  mechanical 
energy  will  lead  to  the  following  solution  of  this  problem. 

Dissipation  of  mechanical  energy  on  section  i-lat  may  be  written 
in  the  following  form: 

0-p[  cf  (I  +  (c,  +  Acp  )x,  ACP  <Cf  + 

‘  t 

Here  D'  is  the  dissipation  of  mechanical  energy  per  unit  of  volume 
in  a  unit  of  time  on  a  section  of  flow  rearrangement. 

As  an  assumption,  in  the  future  we  will  disregard  the  dissipa¬ 
tion  of  mechanical  energy  behind  the  lattice  (section  lat-2) . 

In  the  case  of  the  flow  of  an  incompressible  medium 

♦(***H5*sn- 

where  v*  is  the  coefficient  of  apparent  kinematic  viscosity  (as  an 
assumption  we  take  v*  =  const). 

By  considering  the  speeds  of  perturbation  c  to  be  small  and  by 

X 


solving  the  problem  in  the  plane  x; 


y (hi )  ^ 


cz  -  0  and  -  o) 


,  we  will 


obtain : 


By  averaging  the  values  of  the  derivatives  for  each  of  these  vol¬ 
umes,  we  will  approximately  consider: 


(*-\  *i£  and 

V  A  /*»  /  \dh  Jtp  h 
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Then 


(1 -*,)*/  + 


J ~ Vf  [j {tf  (1  -x,)kl  + 

.  I(^+Ac,-d-Acj»  .  («-,+Ac,)»  t,1 

+  2-t — '-71 - x,  */  +  — - */|  • 

Considering  the  flow  rate  equation, 

<l(l  —  ^|)"C>(1  —  JC^)=“  Cj(l — <**)» 

<*,  +  ^.)*i  -f*  4  4f,)x,  -  (ct  +  Ac,)j^ 

after  certain  transformations  we  will  obtain 


;  1  1  v  1  0— (*i  +*f  >  1*| 

+? t  t  [— ^nrv— J }  • 


where 


Re  =  -±-. 

v 

With  the  help  of  equation  (4)  it  is  not  difficult,  for  the  given 
Ac1 

values  of  - — ,  and  to  find  xlat,  which  corresponds ■ to  minimum 

dissipation  (Dm^n) . 

Then  by  applying  the  Bernoulli  equation  for  both  flow  tubes  and 
considering  the  constancy  of  static  pressures  in  sections  1-1  and  2-2, 


«8  4  ,4  P  <n+w  .  w 

3  2.2  *  2  2 


we  will  have: 


Here  D.  and  D.  .  are  dissipations  of  mechanical  energy  during  rearrange- 
1  ment  of  flow  in  every  flow  tube,  expressed  the 

following  dependences: 


Dt * r»'[2  j/1*3  (l  —Xp)kt  + 

n  ,  fo  (fp  ~  Ci  —  te,)7 

D iA  *  r*  [2  — - j* - x 9  hi 


(Ac.  +  Ac,)* 


Xpkl  4- 


f  Ac,  +  A c,y> 
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By  solving  equation  (5)  jointly  with  the  flow  rate  equations  (2) 
and  (3),  we  find  c 2,  Ac2,  and  x2,  i.e.,  we  determine  the  form  of  motion 
in  section  2-2. 

Application  of  the  obtained  relationships  for  a  particular  case 
of  flow  in  a  pipe  with  given  regular  initial  nonuniformity  and  with 
different  resistance  factors  of  lattices  (see  the  experimental 

data  of  I.  Ye.  Idel'chik  [2])  indicates  a  fully  satisfactory  conver¬ 
gence  of  calculation  with  experiment  (Fig.  2).  The  equalizing  action 
of  the  lattice  when  ^  ®  2  is  clear  in  this  instance. 

In  the  solution  of  the  indicated  example  we  took: 

•1  v  I  7 

—  =  1  and  f-  =  0.35. 

Re  v  h 


Fig.  2.  Comparison  of  experimental  and  calcu¬ 
lated  distribution  of  speeds  behind  a  lattice. 

KEY:  (a)  samples  of  lattices;  (b)  initial 
profile;  (c)  experiment;  (d)  calculation. 

It  should  be  noted  that  the  question  of  selecting  ~  and  ^ 
requires  a  special  investigation  and  in  the  confines  of  this  article 
it  is  not  considered.  Preliminary  calculations  from  the  condition  of 
minimum  dissipation  show,  however,  that  basically  rearrangement  of 
flow  in  front  of  a  lattice  is  carried  out  at  a  relative  length  of 

E“  °-35. 

Nevertheless,  the  results  testify  to  the  expediency  of  application 
of  the  principle  of  minimum  dissipation  of  mechanical  energy  to  flows 
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of  similar  kind  and  they  can  be  proposed  on  the  basis  of  further  inves 
tigations  in  this  direction. 


Literature 


1.  V.  N.  Yershov.  Variational  principle  of  maximum  flow  of 
mechanical  energy  and  its  application  to  the  design  of  axial  turboma 
chines.  IVUZ,  "Aeronautical  Engineering,"  No.  1,  1959. 

2.  I.  Ye.  Idel'chik.  Hydraulic  resistances.  Gosenergoizdat, 

1954. 


Submitted 
9  December  1965 


?29 


-■“P 


-yn:~ 


